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T¡-IE STANDARD IV1ODEL AND EEYOND

Einstein's discovery of general relativity in the last century enabled us for the first
time in history to come up with a compelling, testable theory of the universe. The
realization that the universe is expanding and was once much hotter and denser

alìows us to modernize the deep age-old questions "Why ale we here?" and "How did
we get here?" The updated versìons are now "How did the el.ements form?" , "Why
is the universe so smooth?", and "How did galaxies form from this smooth origin?"
Remarkably these questions and many like them have quantitative answets, answers

that can be found only by combining our knowledge of fundamental physics with
our understanding of the conditions in the ea.rly universe. Even more remarkable,

these answers can be tested against astronomical observaticins.

This chapter describes the idea of an expanding universe, without using the
equations of general relativity. The success of the Big Bang rests on three observa-

tional piìlars: the Hubble diagram exhibiting expansion; light element abundances

which are in accord with Big Bang nucleosynthesis; and the blackbody radiation
left ove¡ from the frrst few hundred thousand years, the cosmic microwave back-

ground. After introducing these pieces of evidence, I move beyond the Standard

Model embodied by the three piÌlars. DeveÌopments in the last tq/o decades of the

20th century both theoretical and observational - point to

o the existence of dark matter and perhaps even dark energy
o the need to understand the evolution of perturbations around the zero order,

smooth universe
o inflation, the generator of these perturbations

The emergent picture of the early universe is summarized in the time line of Figure

1.15.

1,1 THE EXPANDING UNIVERSE

We have good evidence that the universe is expanding. This means that early in
its history the distance between us and distant galaxies was smaller than it is



THE STANDARD MODEL AND EEYOND

today' lt is convenient to crescribe this effect by introducing the scare factor c,whose present value is set to one. At earrier timås o ** .-u.r". than it is todafWe,can picture space as a grid as in Figure 1.1 which 
"*purra, 

uniformly as timeevolves. Points on the grid maintain their coordinates, so the 
"ornouirg 

d¿ston"e
between two points 

-which just measures the difference between coordinates _
remains constant. However, the physìcaì rìjstance is proportional to the scale factor,and the physical distance does evolve with time.
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Figure 1.1. Expansion of the universe. The comoving distance between points on a hypothet-ical grid remains constant as the universe uxp"ndr.'Th" physicat distance is proportionar tothe comoving distânce times the scale factor, so it g"t, l"rgut. 
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time evolves.

In addition to the scare factor and its evorution, the smooth unive¡se is char-acterizcd by one oiher parameúer, its geometry. Tháre are three posslbilities: flai,open' or closed universes. These different possib ities are best ,,nã"rstood by c-#sidering two freely travering pa{icles whici start their journeys moving paralrer to
:i:l :j^T:. 

A. fat 
^universe 

is Euclidean: rhe parricÌes remain parallel as long asiiìej/ irave.i ¡.eeiy. GenelaÌ reìativity connects geometry to enetgy. Accordingf, aflat universe is one in whìch the energy density i 
"q.,uiio a c¡itiJJ 

""Ìr", 
;hi;ñ;;will soon see is approximatery 10-2e.g cm-3. Iith" å"nsity is hìgher thun ihis.,rar.,e,then.t'he unive¡se is crosed: gradualry the initiary pu..t"r pu.ìi"1". 

"orr.,"rg", ;-urias all lines of constant longitude meet at the No*h aod South poles. Th" ;r;i";;of a closed universe to the su¡face of a sphere .rr" 
"r"o 

deeper: both are said tohave.positiue cu.-uature, the former in three spatiar dimensions and the ratter in two.Finally, ¿' low-density unive¡se is open, so that the initiarìy pararÌer paths ,ive-rgã,as would two marbÌes rolling ofi a saddle.
To understand the history of the universe, ,,¡/e must determine the evolutionof the scale facto¡ o with cosmic time ú. Agaín, general relativity provides theconnection bet'¡¡een this evoìution ¿nd the energy in-the universe. Figure 1.2 show!how the scale factor increases.as the universe aþs. Note ih,r, ,h" dependence of aon ú varies as the universe evoìves. At earry timãs, a x r/2 wh e at il;-ii; ;;dependence switches to a o< l2l3. How ihe scale factor va¡ies with time ìs cleterminedby the energy densìty in the universe. At early times, orr" ìo._ of energ¡ ..¿irUå",
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ìctor a,
j today.
as time
4,istance

ûates -: factor,

dominates, while at later times, nonrelativistic matter accounts for most of the
energy density. In fact, one way to explore the energy content of the universe is
to measure changes in the scale facto¡. We wiìl see that, partìy as a result of such
exploration, we now believe that, very recently, a has stãppeà growìng u" t2/3, a
signal that a new form of energy has come to dominate the cosmologicailund""ap".
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Figure 1.2. Evolution of the sc¿re factor of the universe with cosmic time. when the universe
was very young, radiation was the dominant component, and the scale factor increased as f1l2.
At later times, when matter came to dominãte, this dependence switched to f2l3. The right
axis shows the corresponding temperature, today equal to 3K.

- To quantify the change in the scare factor and its reration to the energy, it is
flrst useful to define the Hubble rate

HA): qdt
0,

which measures how rapidly the scare factor changes. For exampre, if the universe
isflat and ma.tter-domlnated soth¡t o n+2/3 rL-- û- (n/t\+-7 mL--^--- --.,
test or this cosmotogy i' t" -"*;;;.;pî.""r;ä;'ñbb[,.ii: ;*v, ;,,"""J."ïi
age of the unive¡se today. Here and throughout, subscript 0 denotes the value of
a quantity today. In a flat, matter-dominated universe, the product I16ús should
equal 2/3.

Nlore generally, the evolution ofthe scale factor is determined by the Friedmann
equation

H'(t).:Yl^,. ti#l

(1 1)

(1.2)

where p(t) is the energy density in the universe as a function of time with p6 the
present value. The critical densitu

_ 3H3
8¡G

where G is Newton's constant

(1.3)
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To use Einstein's equation, we must know how the energy density evolves with
time. This turns out to be a complicated question because p in Eq. (i.Z) is the sum
of several different components, each of which scale difierently with'time. consider
first nonrelativistic matter. The energy of one such particle is equal to its rest mass
energy, which remains constant with time. The energy density of many of these is
therefore equal to the rest mass energy times the number density. when the scale
factor was smaller, the densities were necessarily ìarger. since number density is
inversely proportional to volume, it shourd be proportional to a-3. Thereforeihe
energy density of matter scales as ¿-3.

The photons which make up the cosmic microwave background (CMB) today
have a well-measured temperature Tcr : 2.725 + 0.002K (Mather et' at., LOSO). A
photon with an energy ksTs today has a waveleng th hc/ksTs. Early on, when
the scale factor was smalÌer than it is today, this wavelength would have been
correspondingly smalle¡. Since the energy of a photon is inversely proportional to
its wavelength, the photon energy would have been larger than toàay by a factor
of 1/a. This argument applied to the thermal bath of photons implies that the
temperature of the plasma as a function of time is

:t(t):7o¡"¡¿¡ (1 4)

At early times, then, the temperature was higher than it is today, as indicated in
Figure 1'2. The energy density of radiation, the product of number densitv times
average energy per particle, therefore scales as a-4.

Evidence from distant supernovae (Chapter 2; Riess el al., 1g9g; pe¡lmutte¡ ef
al., 1999) suggests that there may well be energy, d,arlc enerqy, besides ordínary
matter and radiation. one possibility is that this new form of energy ."mair," co.r-
stant with time, i.e., acts as a cosmoLogàcal constant, a possibility frrst introduced
(and Ìater abandoned) by Einstein. cosmorogists have exprored otler forms though,
many oi wirich behave very ciifferently from the cosmorogicar constant. we wir Jee
more of this in later chapters.

Equation (1.2) allows for the possibility that the unive¡se is not flat: if it were
fl.at,.the sum of all the energy densities today would equal the critical density, and
the last term in Eq. _(1.2) would vanish. If the universe is not flat, the cur-utature
energy scales as If a2.In most of this book we will work within the context of
a flat universe. In such a universe, the evorution of perturbations is much easier
to calculate than in open or closed universes. Further, there are several persua_
sive arguments, both theoretical and more recently observational, which sìrongly
support the flatness of the universe. More on this in Chapters 2 and g.

Figure 1.3 illustrates how the different terms in Eq. (1.2) vary with the scale
factor. While today matter, and possibly a cosmological constant dominate the
landscape, early on, because of the a-a scaling, radiation was the dominant con-
stituent of the universe.

Let's introduce some numbers. The expansion rate is a me.sure of how fast
the universe is expanding, dete¡mined (section 1.2) by measuring the verocities of
distant galaxies and divìding by their distance from us. so the expansìon ís often
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Figure 1.3, Energy density vs scale factor for different constìtuents of a flat universe Shown

arã nonrelativistic mãtter, radiation, and a cosmological constant' Aìl are in units of the critical

density today. Even though mãtter and cosmoìogicaì constant dominate today' at early times'

the r"iiation density was largest. The epoch at which matter and radiation are equal is ø'o'

written in units of velocity per ciistance. Present measures oi i'he HubbÌe raie are

parameterized bY h defined via

Ho : 1001¿ km sec-1MPc-1

- - J--- - 2.133 < 10-33 h ev lh
0 98 x 1010 vears

(1.5)

where à has nothing to do with Planck's constant È. The astronomical length scale

of a megaparsec (Mpc) is equal to 3.0856 x 1024 cm Current measurements set

h : 0.721 0.08 (Freedmar' et al , 2007) -

The predicteà age for a flat, mattei-dominated universe, (2|ÐHlr, is the¡ of

order 8 tã 10 Gyr. The current best estimate for the age of the universe is 12.6 Gyr,

with a 95% 
"onfid"n." 

Ievel lower limit of 10'4 Gyr (Krauss and Chaboyer' 2001)'

so this test suggests that a flat, matter-dominated universe is barely viable' You
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will show in Exe¡cise 2 that the age of the universe with a cosmological constantis larger (for frxed à); in fact one of the original arguments in fâvor of this excessenergy was to make the universe older.
Newton's constânt in Eq. (1.3) is equal to 6.67 x 10-8cmrg- 1s""-2. Thi.,together with Eq' (1 b), enabres us to get À numericar varue for the criticaÌ densitv:

p., : 1.88h2 x 10-2eg crn-3

earl¡
mâ4
tion¡
equi
the t

(1 6)

An important ¡amifrcation of the higher densities in the past is tìrat the ratesfor particles to interact with each othe¡,ìhich scare asthl density, were arso muchhigher early on. Figure 1.4 shows some important r.t"" 
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Figure 1-4. Rates as a function of the scale factor. When a given rate becomes smaller thanthe expansion rate _¡1, that reaction falls ou-t of equilibrium.Ç ,."tu gives (Ës times) thetemperature of the universe, an indication ofthe typical kinetic energy per particle.

factor' For example, when the temperature of the universe was greater than severalMeY /kg, the rate for electrons aná neut¡ìnos to scatter was rarler than trr" 
"*pu*sion rate. Thus, before the universe could double in size, a neutrjno scattered manytimes off background erectrons. An these scatterings irought the neutrinos intoequilibrium with the rest of the cosmic prasma. ThiJ t but one example of a verygeneral, profound fact: if a particre scatters wìth a rate greater bhan the expansionrate, that particle stays in equilibrium. Since rates werã typicalÌy quite large, the
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THE HUBBLE DIAGRAM

eârly universe v/as a relatively simple environment: not only was it very smooth, but
mâny of its constituents were in equilibrium. Chapter 2 explores some manifesta-
tions of the equilibrium conditions, while Chapter 3 touches on several cases where
equilibrium could not be maintained because the reaction rates dropped beneath
the expansion rate.

1.2 THE HUBBLE DIAGRAM

If the universe is expanding as depicted in Figure 1.1, then galaxies shouÌd be
moving away from each other. Vy'e should therefore see gala-xies receding from us.

Recall that the wavelength of light or sound emitted from a receding object is
stretched out so that the observed wavelength is larger than the emitted one. It is

convenient to deflne this stretching factor as the redshift z:

- À"u"

^êñit

:1
a.

(1.7)

For low redshifts, the standard Doppler formula applies and z: f,. So a measure-
ment of the amount by which absorption and/or emission lines are redshifted is a
direct measure of how fast the structures in which they reside are receding from us.

11000 KM

IOOPARSEC 2X 102PÀRSEC

Figure 1.5. The original Hubble diagram (Hubble, 1929)- Velocities of distant galaxies (units
should be km sec-i) are plotted vs distance (units should be Mpc). Solid (dashed) l¡ne is the
best fit to the filled (open) points which are corrected (uncorrected) for the sun's motion.

Hubble (1929) first found that distant gaÌaxies are in fact receding from us.

He also noticed the trend that the velocity increases with distance. This is exactly
what we expect in an expanding universe, fol rthe physical distance between two
galaxies is d, : ar where ø is the comoving distance. In the absence of any comoving

-y=
F
Uo,l
Lll

.8 o ,.ln
-l'/'¿.//
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motìon (¿ - 0, no peculzar velocity) the relative velocity u : d is therefore equal to
ar : Hd,. Therefore, velocity should increase linearly with distance (at least at low
redshìft) rvith a slope given by Ì1, the Hubble constant. Hubbìe's Hubble constant
can be easily extÌâcted from Figure 1.5. It .is simply 1{ : 100012 km sec-I Mpc-1,
almost a factor of 10 higher than current estimates. Aìso notice that Hubble's data
went out to redshift z - 1000 km sec-1/c - 0.003.
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Figure 1.6. Hubble diagram from the Hubble Space Telescope Key Project (Freedman ef al.,
2001) using five different measures of distance. Bottom panel shows Ilo vs distance with the
horizontal line equal to the best fit value of 72 km sec t Mp.-t

The Hubble diagram is still the most direct evidence we have that the universe
is expanding. Cu¡rent incarnations use the same principle as the original: flnd the
distance and the redshift of distant objects. Measuring redshifts is straightforward;
the hard part is determining distances for objects of unknown intrinsic brightness.
One of the most popular techniques is to try to find a stand.r¡.rd, cand,le, a class
of objecbs which have the same intrinsic brightness. Any difference between the
àppàrent brìghtness of two such objects then is a result of their different distances

well
Kn<
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BIC BANG NUCLEOSYNTHESIS

from us. This method is typically generalized to find a correlation between an
observable and intrinsic brightness. For example, Cepheid varìables are stars for
which int¡insic brightness is tightly related to period. The Ilubble Space Telescope
measured the periods of thousands of Cepheid variables in galaxies as far away as
20 Mpc. With distances to these galaxies fixed, five different distance measures were
used to go much further, as far away as 400 Mpc. Figure 1.6 shows that all of these
fi.ve indicators agree with one another and have converged on 11¡:22 km sec-1
Mpc- I with 10% errors.

As shown in Figure 1.6 the standard candìe that can be seen at largest dis-
tances is a Type Ia supelnova. Since they are so bright, supernovae can be used
to extend the Hubble diagram out to very large redshifts (the current reco¡d is
of order z - 7.7), a regime where the simple Doppler law ceases to work. Figure
1.7 shows a recent Hubble diagram using very these very distant objects. In the
next chapter, we wiìì derive the correct expression for the distance (in this case.
the lum'inositg distance) as a function of redshift. For now, I simply point out that
this expression depends on the energy content of the universe. The three curves
in Figure 1.7 depict three different possibilities: flat matte¡ dominated; open; and
flat with a cosmological constant (À). The high-redshift data are now good enough
to distinguish among these possibilities, strongly disfavoring the previously favored
flat, matter-domínated universe. The current best fit is a universe with about 70%
of the energy in the form of a cosmological constant, or some other form of dark
energy. More on this in Chapter 2.

1,3 BIG BANG NUCLEOSYNTHESIS

When the universe r¡¡as much hotter and denser, when the temperature of order an
MeY/kB, there were no neutral atoms or even bound nuclei. The vast amounts of
radiation in such a hot environment ensured that any atom or nucleus produced
would be immediately destroyed by a high energy photon. As the universe cooled
well below the binding energies of typical nuclei, light elements began to form.
Knowing the conditions ofthe early universe and the relevant nuclear cross-sections,
we can caÌculate the expected primordial abundances of all the elements (Chapter
3).

Figure 1.8 shows the predictions of Big Bang Nucleosynthesis (BBN) for the
light element abundancesl. The boxes and arrows in Figure 1.8 show the current
estimates for the light element abundances. These are consistent with the predic-
tions, and this consistency test provides yet another ringing confirmation of the
Big Bang. The measurements do even more though. The theoretical predictions,
¡¡¡hich we wiÌl explore in detail in Chapter 3, depend on the density of protons and
neutrons at the time of nucleosynthesis. The combined proton plus neutron density

n et al.,
with the

Lniverse

ind the
:rward;
çhtness.
a class
:en the
stances

lRecall nuclea¡ notation: The 4 in 4He ¡efers to the totaÌ number of nucleons (protons and
neutrons). so aHe has two neutrons and two p¡otons, \À/hile 3He hâs two protons ând one neutron,
See the box on page 63 for mo¡e details.
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Figure 1.7. Hubble diagram from distant Type la supernovae. Top panel shows apparent mag_
nitude (an indicator of the distance) vs redshift. Lines show the predictions for different energy
contents in the universe, with f¿M the ratio of energy density today ¡n matter compared to the
critical density and o,1 the ratìo of energy density in a cosmological constant to the critical
density. Bottom panel plots the residuals, making it clear that the high-redshift supernovae
favor a Â-dominated universe over a matter-dominated one.

is called the baryon density since both protons and neutrons have baryon number
one and these are the only baryons a¡ound at the time. Thus, BBN gives us a way
of measuring the baryon density in the universe. since we know ho¡v those densities
scale as the universe evolves (they fall as a-3), we can turn the measurements of
Iight element abundances into measures of the baryon density today.

In particular, the measurement of primordial deuterium pins down the baryon
density extremely accurately to only a few percent of the critical densitv. Oidi_
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Fraction of critical density
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Figure 1.8. Constraint on the baryon density from Big Bang Nucleosynthesis (Burles, Nollett,
and Turner, 1999). Predictions are shown for four light elements-aHe. deuterium. 3He, and
lithium - spanning a range of 10 orders of magnitude. The solid vertical band is fixed by
measurements of primordial deuterium, The boxes are the observations; there is only an upper
l¡m¡t on the primordial abundance of 3 He.

nary matter (baryons) contributes at most 570 of the criticaÌ density. Since the
total matter density today is almost certainly larger than this direct estimates
give values of order 20 30% nucÌeosynthesis provides a compeÌÌìng argument for
nonbaryonic dar,\ matter.

The deuterium measurements (Burles and Tytler, 1998) are the new develop-
ments in the field. These measurements are so exciting because they expÌore the
deuterium abundance at redshifts of order 3 4, well before much processing could
have aÌtered the prirnordial abundances. Figure 1.g shows one such detection. The
basic idea is that light from distant QSOs is absorbed by intervening neutral hydro-
gen systems. The key absorption feature arises from transition from the (n: 1)
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Figure 1.9. Spectrum from a distan^t eSO (Burles, Nollert, and Turner, 1999). Absorption of
ohotons with rest r¡¡a'-'elength 1216,Â. co'responding ta the ii : 1r ïo rL: 2 state oí hycirogen
¡s redshifted up to 1216(1 +3.572) Ã,. Bottom pånel provides details ofthe spectrum in this
range, with the the presence of deuterium clearly evident.

ground state of hydroge¡ to the first excited state (n : 2), requiring a photon with
wavelength À : 7275.T Å,. Since photons a." ubrorb"d when exciting hydlogen in
this fashion, there is a trough in the spectrum at 

^ 
: 72IS.T A. ,ä.frifr"j UV ,

facø1 of 1 * 2." The corresponding line from deuterium should be (i) shifted over
by 0'33 (1 + z) Å(see Exercise 3) and (ii) much ress damped since there is much less
deuterium. Figure 1.g shows just such a system; there are now half a dozen with
detections precisely in the neighborhood shown in Figure 1.g. Note that the steep
decline in deuterium as a function of baryon density heìps here: even relatively large
errors in D measu¡ements translate into small ettors on the baryon density.
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Figure 1.10. lntensity of cosmic microwave radiation as a function of wavenumber from Far
lnfraRed Absolute Spectrophotometer (FlRAS) (Mather et al-, 1994), an instrument on the
COBE satellite. Hidden in the theoretical blackbody curye are dozens of measured points, all
of which have uncertainties smaller than the thickness of the curve!

1,4 THE COSMIC MICROWAVE BACKGROUND

The CMB ofiers us a look at the universe when it was only 300,000 years old. The
photons in the cosmic microwave background last scattered ofi electrons at redshift
liûû; since ihen ihey have ¡raveiecì ireeìy through space. -When we observe them
today, they literally come from the earliest moments of time. They are therefore the
most powerfuÌ probes of the early universe. We will spend an inordinate amount of
time in this book working through the details of what happened before the epoch
of last scattering ãnd aJso developing the mathematics of the freestreaming process
since then. A crucial fact about this history, though, is that the colÌisions with
electrons before last scattering ensured that the photons were in equiÌibrium. That
is, they should have a blackbody spectrum.

The specific intensity of a gas of photons with a blackbody spectrum is

, 4rhu3 fc2
'": exp {2ohr lkBi.Y 1

Figure 1.10 shows the remarkable agreement between this prediction (see Exercise 4)
of Big Bang cosmology and the observations by the FIRAS instrument aboard the

(1 8)
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coBE spacecraft. we have been tord2 that detection ofthe 3K background by pen-
zias and wilson in the mid-1960s was sufficient evidence to decide the contro.,årsv in
favor of the Big Bang ove¡ the Steady State universe. penzias and Wil"orr, tho,rgh,
measured the radiation at just one waverength. If even their on"-*".r"r"rrgth ."Jrrt
was enough to tip the scales, the cur¡ent data depicted in Figure 1.10 shãulcl send
skeptics from the pages of physics journals to the far reaches of radical Internet
chat groups.

The most impottant fact we learned from our first 25 years of surveying the
cMB was that the early universe rvas very smooth. No anisotropies we¡e àetácted
in the cMB This period, while undoubtedry, frustrating for observe¡s searching for
anisotropies, solidified the view of a smooth Big Bang. We are now -o.rirrg orrf W"
have discovered anisotropies in the cMB, indicatinf that the early univirse was
not completely smooth. There were small perturbations in the cosmic plasma. To
understand these, we must go beyond the Standard X{odel.

1.5 BEYOND THE STANDARD MODEL

While the three pillars put the Big Bang model on firm footing, other observa_
tions cry out for more details. I hinted above at one of these, the notion that there
must be nonbaryonic matter in the universe. Dark matter is a fam iar concept to
âstronomers; the frrst suggestion was put forth by Zwicky in 1933(!). Figure 1.11
illustrates the way dark matter can be found in galaxies, with the uss of ¡ota_
tion curves probing the gravitational field. Indeed, a mismatch between the matter
infer¡ed fiom gravity and that we can see exists on almost al1 observable scales.

Because of the limits inferred from Big Bang nucreosynthesis, the dark matter,
or at ìeast an appreciable fraction of it, must be nonbaryonic. What is this new
form of matter? And how did it form in the earry universe? The most popurar idea
currently is that the dark matter consists of elementary particres proàuced in the
earliest moments of the Big Bang. In Chapter 3, we wiil explore this possibility in
detail, arguing that dark matter was rikeÌy produced when the tempeiature oithe
universe s¡as of order hundreds of Gey / ks. As we w r see, the hypothesis that dark
matter consists of fundarnentaì rerics from the earry universe may soon be tested
experimentally.

The last decades of the 20th century saw a number of large surveys of galaxies
designed to measure structure in the universe. These culminated in iwo raigu..rr-
veys, the Sloan Digital Sky Survey and the Two Degree Field Galaxy (Flgurã f.f2)
Redshift Su.vey, which betv,,een them will compile the redshìfts of, and hence thá
distances to, a million galaxies. Garaxies in Figure 1,.r2 are crearly not distributed
randomly: the universe has structure on rarge scares. To understand this structure,
we must go beyond the Standard Model not only by including dark matter, but also
by allowing fo. deviatìons from smoothness. we must develop the tools to studv
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Figure1.11. (a) lmageof spiral galaxy M33. The inner brightest region has a radius of several
kpc. (b) Rotation curve for 1r433 (corbelli and salucci, 2000). poinrs w¡th error bars come from
the 21-cm line of neutral hydrogen. Solid line ìs a model fitting the data. Different contribution{
to the total rotatìon curve are: dark matter halo (dot-dashed line), stellar disk (short dashed
line), and gas (long dashed lìne). At large radii, dark matter dominates.

perturbations around the smooth background ofthe standard Model. we wiÌl see in
Chapters 4 and 5 that this is straightforward in theory, as long as the perturbations
remain small-

The best ways to learn about the evolution of structure and to compare theory
with observations are to look aî anisotropies in the CMB and at how matter is
distributed on large scales. To compare theory with observations, we must at first
try to avoid scales dominated by nonìinearities. As an extreme example, we can
never hope to understand cosmology by carefully examining rock formations on
Earth. The intermediate steps - collapse of matter into a galaxy; molecuÌar cool_
ing; star formation; planetary formation; etc. -ate much too complicated to allow
comparison between linear theory and observations. While perturbations to the
matter on smaÌl scales (less than about 10 Mpc) have grown nonlinear, large-scale
perturbations are still small- so they have been processed much less than the corre-
sponding small-scale structure. Similarly, anisotropies in the CMB have remained
small because the photons that make up the CMB do not cÌump.

Identifying large-scale structure and the CMB as the two most promising areas of
study solves just one issue. Another very important challenge is to understand how
to characterize these dìstributìons so that theory can be compared to experiment. It
is one thing to look at a map and quite another io quantitative tests of cosmological
models. To make such tests, ìt is often useful to take the Fourier transform of the
distribution in question; as we will see, working in Fourier space makes it easier
to separate large from small scales. The most important statistic in the cases of

(")
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Figure 1.12. D¡str¡but¡on of galaxies in the Two Degree Field Gaìaxy Redshift Survey (2dF)
(Colless ef a[., 2001). By the end of the survey, redshifts for 250,000 galaxies will have beeÁ
obtained. As shown here, they probe structure in tlie universe out to z : 0.3, corresponding
to distances uþ to 1000à-1 Mpc away from us (we are loceted at the center). see coloi
Plate I 12

both the CMB and large-scale structure is tlte two-poínt function, calIed the power
spectr-un in Fourie¡ space. If the mean density of the galaxies is ñ, then we can
characterize the inhomogeneities with ô(d) : (n(r-) -n)ln, or its Fourier transform
ô(À). The power spectrum P(À) is deflned via

1ã1Ã;a1[,¡¡ : (2r)3 p (k) 6s (Ë - Ë,, ) (1 e)

Here the anguÌar brackets denote ân avetage oyer tle whoÌe distribution, and ô30
is the Dirac deìta function which constrains È : Ë,. The details aside, Eq. (l.dj
indicates that the power spectrum is the spread, or the variance, in the distribution.
If there are lots of very under- and overdense regions, the power spectrum will be
large, whereas it is small if the distribution is smooth_ Figure 1.13 shows the power-
spectrum of the galaxy distribution- since the power spectrum has climensions of
,t-3 or (Ìength)3, Figure 1.13 shows the combination k3p(k)/2T2, a dimensionless
number which is a good indication of the clumpiness on scale È.

The best meâsuÌe of anisotropies in the CN4B is also the two-point function
of the temperature distribution. There is a subtle technical difference between the
two power spectra which are used to meâsure the galaxy dist¡ibution and the CMB,
though. The difference arises because the cMB temperature is a two-dimensional
field, measured ever¡nvhere on the sky (i.e., with two angular coordinates). Instead
of Fourier transforming the CMB temperature, then, one typically expands it in
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Figure 1.13. The variance 12 - k3 P(k)/2r2 of the Fourier transform of the galaxy dis-
tribution as a function of scale. On large scales, the variance ìs smaller than unity, so the
d¡stribution is smooth. The solid line is the theoretical prediction from a model in which the
un¡verse contêins d¿rk matter, a cosmological constant, w¡th perturbations generated by infla-
tion. The dashed line is a theory with only baryons and no dark matter. Data come from the
PSCz survey (Saunders et al.,2OOO) as analyzed by Hamilton and Tegmark (2001).

spherical harmonics, a basis more appropriate for a 2D field on the surface of a
sphere. Therefore the two-point function of the CMB is a function of multipole
moment l, not wave number k. Figure 1.14 shows the measurements of dozens
of groups since 1992, when COBE flrst discovered large-angle (low I in the plot)
anisotropies.

Figures 1.13 and 1.14 both have theoretical curves in them which appear to
agree weÌÌ with the data. The main goal of much of this book is to develop a first-
principles understanding of these theoretical predictions. Indeed, understanding
the development of structure in the universe has become a major goal of most
cosmoÌogists today. Note that this second aspect of cosmology beyond the Standard
Model reinforces the first: i.e., observations of structure in the universe lead to
the concÌusion that there must be dark matter. In particular, the dashed curve in
Figure 1 .13 is the prediction of a model with baryons only, with no dark matter. The
inhomogeneities expected in this model (when normalized to the CMB observations)
are far too small. In Chapter 7, we wilì come to understand the reason why a
baryon-only universe would be so smooth. For now, though, the message is clear:
Dark matter ìs needed not onÌy to explain totâtion curves of galaxies but to explain
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Figure 1.14. Anisotropies in the CMB predicted by the theory of inflation compared with
observations. ø-axis is multipole moment (e.g., I : 1 is the dipole, I : 2 the quadrupole) so
that large angular scales correspond to low l; g-axis ¡s the root mean square anisotropy (the
square root of the two-point function) as a function of scale. The characterist¡c signature of
inflation is the series of peaks and troughs, a signature which has been verified by experiment.
See color Plate 1.14.

structure in the universe at large!
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be forced to confront the question of what generâted the initial conditions, the
primordial perturbations that were the seeds for this structure. This will lead us
to a thi¡d important aspect of cosmology beyond the Standard Model: the the-
ory of inflation. Chapter 6 introduces this fascinating proposal, that the universe
expanded exponentially fast when it was but 10-3s sec old. Until recently, there
was little evidence for inflation. It survived as a viable theory mainÌy because of its
aesthetic appeal. The discoveries of the past several years have changed this. They
have by and large confirmed some ofthe basic predictions of inflation. Most notably,
this theory makes concrete predictions for the initial conditions, predictions that
have observable consequences today. For me, the most profound and exciting dis-
covery in cosmology has been the observation of anisotropies in the CMB, with a
châracteristic pattern predicted by inflation.

The theory encompassing all these Beyond the Standard Model ingredients -dark matter plus evolution of structure pìus inflation-is caÌled CoId, D arlc Matter,
or CDM. The "Cold" part of this moniker comes from requiring the dark matter
particles to be able to clump effìciently in the early universe- If they are lroú instead,



5UMMARY

i.e., have large pressure, structu¡e will not for¡n at the appropriate levels.

1.6 SUMMARY

By way of summarizing the features of an expanding universe that I have outlined
above and that we will explore in great detail in the coming chapters, let's construct
a time line. We can characterize any epoch in the universe by the time since thè
Big Bang; by the value of the scale factor at that time; or by the temperature
of the cosmic plasma. For example, toda¡ a - 1; ¿ : 14 bíllion years; and ? :
2.725K:2.35 x 10-a eV/ks. Figure 1.15 shows a time line of the universe using
both time and temperature as markers. The milestones indicated on the time line
range from those about which we are quite certain (e.g., nuc.leosynthesis and the
CX'{B) to those that are more speculative (e.g., dark matter production, inflation,
and dark energy today).
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Figure 1 l5, A history of the universe. Any epoch can be associated wÌth either temperature
(top scale) or time (bottom scale).

The time line in Figure 1.15 shows the dominant component of the universe
at var.ious times. Early on, most of the energy in the universe was in the form of
radiation. Eventually, since the energy of a relativistic particle falls as l/a while
that of nonrelativistic matter remains constant at m, matter ove¡took radiation.
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At relaiively recent times, the universe appears to have become dominated not by
matter, but by some dark energ¡ whose density remains relatively constant witl
time. The evidence for this unexprained form of energy is new and certainly not
conclusive, but it is very suggestive.

The classical results in cosmology can be understood in the context of a smooth
universe. Light elements formed when the universe was several mìnutes olcr, and
the CMB decoupled from matter at â temperature of order fuT - 1¡a 

"V. Éu;";
elementary particles may make up the dark matter in the universe; if they do, theii
abundance was fixed at very high temperatutes of orde¡ Às? - 100 Geú.

we will be mostly interested in this book in the perturbat.ions around the smooth
universe. The early end of the time rìne arÌows for a brief period of inflation, during
which primordial perturbations were produced. These smà perturbations b"g.n tã
grow when the universe became dominated by matter. The ãa¡k matter grew"more
and more clumpy, simply because ofthe attractive nature of gtavity. An oierdensity
of dark matter of 1 part in 1000 when the temperature *u"l 

"V 
grew to 1 part iir

100 by the tìme the temperature dropped to 0.1 ev. EventuaÌy, airerativery recent
times, perturbations in the matter ceased to be smal; they became the nånlinear
structure we see today. Anisotropies in the cMB today tell us what the universe
looked like when it was severar hundred thousand years ord, so they are wonderfur
probes of the perturbations.

some of the elements in the time rine in Figure 1.1b may we be incorrect.
However, since most of these ideas are testable, the data which wilÌ be taken during
the coming decade will tell us which parts of the time line are co¡rect and which
need to be discarded. This in itseìf seems a sufficient reason to study the cMB and
Iarge-scale sttucture.
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SUGGESTED READING

There are many good textbooks covering the homogeneous Big Bang. I am most
familiar with The Earlg Uniaerse (Kolb and T\rrner), which has especially good
discussions on nucleosynthesis and inflation. Peacock's CosmoLogi,cal Physi,cs is lhe
most up-to-date and perhaps the broadest of the standard cosmology texts, rvith
more of an emphasis on extragalactic astronomy than either The Earlg Uniuerse or
this book. A popular account which still captures the essentials of the homogeneous
Big Bang (testifying to the success of the model: it hasn't changed that much in 25
years) is The First Three M'inutes (Weinberg). More recentl¡ three books of note
are The Whole Shebang (Ferris), Tl¿e Little Book of the Big Bang (Hogan), and ,4
Short History of the Uniuerse (Sllk).

A nice article summarizing the evidence for an expanding universe and some
methods to quantify it is Freedman (1998). Two of thc pioneers in the field of Big
Bang nucÌeosynthesis, Schramm and Tbrner, wrote a very clear review article (1gg8)
right before a tragic accident took the life of the first author. An excellent account
of the evidence for dark matter in spiral galaxies is Vera Rubin's 1983 article in
Scientific Àmerican.

I have not attempted to record the history of the discovery of the Big Bang.
Three books I am familiar with which treat this history in detail arc Blind, Watchers
of the Sky (Kolb), 3K: The Cosmic Microwaue Backqround (Partridge), anð, Three
Degrees Aboue Zero: Betl Labs in the Information.4ge (Bernstein). An article which
sheds light on this history is Alpher and Herman (1988).

EXERCISES

Exercise i. Suppose (incorrectly) that fl scales as temperature squared ail the
way back until the time when the temperature of the universe was 101e GeV/kB (i.e.,
suppose the universe was radiation dominated all the way back to the Planck time).
Also suppose that today thc dark energy is in the form of a cosmological constant
¡\. such that p¡ rociay ls equai to U.'/p.. anci p^ rematns constant lhroughout lhe
history of the universe. What was p^lQH2 l87:G) back then?

Exercise 2. Assume the universe today is flat with both matter and a cosmological
constant, the latter with energy density which remains constant with time. Integrate
Eq. (t.2) to find the present age of the universe. That is, rewrite Eq. (1.2) as

(1.10)

where f)¡ is the ratio of energy density in the cosmological constant to the critical
density. Integrate from ¿:0 (when t - 0) until today at a - 7 to get the age of
the universe today. In both cases below the integral can be done analytically.
(a) First do the integral in the case when Q¡ : Q.

(b) Now do the integral in the case when 0¡ : 0.7. For fixed 11¡, which universe
is older?

dt - Ho' 4 fnn , '-31 '"&L l
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Exercise 3. using the fact that the reduced mass of the erectron-nucleus in the D
atom is larger than in hydrogen, and the fact that the Lyman a (n - I _: n:2)
transition in H has a wavelength r2rE.6TÀ,, find the waverength of the photon
emitted in the corresponding transition in D. Astronomers often define

^Àu=c 
^ 

(1.1i) 
T

to characterize the splitting of two nearby lincs. What is ø for the H D pair?

Exercise 4. convert the specific intensity in Eq. (1.g) into an expression fo¡ what
is plotted in Figure 1.10, the energy per square centimeter per steradian per second.
Note that the z-axis is 1/), the inverse wavelength of the photo's- show that the
peak of a 2.73K blackbody spectrum does lie at 1/À - bcm 1.
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