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§7. Poor MANS TRUNCATION : BORN-OPPENHEIMER

Le{’s nev -[-Ja, = ‘-(4:—-3" A <t . the - rf/f{)ﬂ _‘”c',riuas{_ ?umfun of
hov ane ofywcs an sccnr<de ['N;’:\UJ)‘ Hm:{z:q [:r[. L‘yr-vyfz for
" comalen Crm y: "/'r-unt.&a!-' in r-"{l out '9 —eryy €orees
of 'ﬁ-’:uﬂam,.yr{’ Note ):U«-é -Uﬂ-zrc?/fa ? no&fy freld -aurwhcd) o Cyen
?mn-l-um-mu‘.mrml cbont  Lhis pror.dmc, - physicsts  here been o’wb ot
~ﬁr < U'o-y {u, 4?{'1&, in older ‘{'- ifhp/;-:‘) —Uw de)aﬂ.m of cumpfc)r
s)m"ans -('. ‘-{4;150 CdlrJM‘-&d %d m-‘b—eof ‘g'ldn a 0,4&' '«J v’e;)f Mr(fud\[/b

exsmplen ac e,
'p’ ? The R‘;)'/'_‘)L t‘!&lmfr})m of  frichene .ﬁm
7"';0 Navier - Sdakes or[w\ (& erf)mw_wt)-
Gen fkinehes  ( BoHazm<an et
Mawellc  eqtns . cdnssiesl Blectredya<mees ).

_ﬂ e a‘f( Course -u.z, ?um{:sc{';m\ 4; dmtu-! EMmM 'a‘KJ’ 5‘“‘& (223 ‘glb
bt werksble  Quedim fetd thery (PED) wul led ubhnckely + the
a‘alJﬂpMO\l‘ of -Ulb RNG sp < .{-M/ 'ﬁr 4009 %u -{-rnnou‘wm n £
more s’yi"‘b\f\c‘lc LVAS note #.d '{)‘.(/ Ju/&’#fﬁbﬂt o{ Q’VG %r/v <ho
fecawo( L] e.:sem‘n) ."i‘i&l‘ul 'A:Mw cj‘h:ul _Ll)'ﬂfnt{ynm:u.

S:fuffcaf vey ts  Frencade 13 po‘.'l'url:d\.faly - let’s n
‘-Um, sd "y"(" a(a/da, "+ < /nW?/ -Fw-.gxu n dhe -A;rm\ of Bom..
0’,&,“‘1“‘0’ W(axmdim.. l\/‘}(}l xls*" seves He u!e‘t[;‘f Puwpoie of
mt.lwp < Connection "!b “c[ynww«[ 'gfﬂy ;’sqeu.

7ca) TRuwcATION W vp-ORDER PPeRTURBATIoN THeorY

’ﬂ;ff i eAO)f - We sfm,ﬁv fo«o‘, #w Mv‘iﬁm in "gl& basis 51“‘-:‘0)
nI( e u:p!.ﬂ"uru HW'H'Mfm, wd ‘U'h -r(fi'acx-h. J‘,—w#y S}-ﬁym Ve hwe

H =%V (%)
Hicu Mo = 2In5 € <nl (7.2)
//'_\_ €Enveray.
— wih. stdes in a Hllet spaee defiacd bp
gl ebeulamlyedesen | (i to « ey ot-of Ec. hhd we
— Lou/- EneAsY. wed t de s e Adova < new
& H<m#'n'u<q v W‘{"D anfy " 'é‘vb f'a'é'dkf

AR L et e ol U cb-o I, .

I Thus we  "fmacde onéb * #a;f,ﬁ-w@,
sHdts - 7‘4:“—’ \gm Ho< can’ﬁcc&c’ er<hion « e L?.,, hee qnm;?
A Sfj 0“ d:.'sc're'fe. sJ'du In éo'& !/Lb-ﬂ" slg«m. 721&\ # #Lb Wﬂ‘ﬂﬁ
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ldm ke due pertubsduely in a  stepliforved ey '
Note ‘Frﬂ dh<t £ X s dtgan«’ in the bens steder chosca

(ie., the stter 3 [nD3 ,mﬂ- Can be trenbed cn non-
-9.!’&\5\"4"’“) , then Hhis ofw-dnn 13 u#u-;v Livisl = He neww Hembonicn
han ex<dly the sime form an e old ane , e aly diffrence  Lesay
n e L Hilbet spaces.

waer the more msutl CAdc 18 0AC A Juc!. Ve work with s
<ppreximcte  set of ajeﬂs{»«:}e)s , betesn (hich  Fraasches accur due do a
dermi U i ko leflerdve Hembbsum. bhst | e | wash £ <cheive i
‘y\b ap(_r-::fuq

#EGR‘. ud cr&u pa"l'. > J(chﬂ (7.3)
< 0
() > IE(a)

lv"ffb '&2’ 3((6.}) o‘”‘ﬂ‘é& H!“’fh‘ S;-wz.o u'ry-. 3 UI/ Cm"-og on fuJ
'f'(si‘ s he  cloctve  Hembbenica apc,—dg,? in Hhus spece - As  noted in

(7)) , we hae =y (D
J.{‘Ec : E['n> [G:Snm K Vnu] {m| (7.4)

ad e pav(orm the buacaben 4 2ad wde- i V. Ths 15! a stedad
P(oé!m- NO'hw 'ﬁﬂl‘ IJRJ % “‘IWWA) F‘i)""qlb’ - b)f reJuua He Ml{|
ent-ok Hs Lo, e <o «q‘hJ& cxclufu:,_ processes medi< by V,
in W e syn‘t« goes fam  M> 4a ImS vic a leel (2> whidk
les w be Qwy e E. 2 6; > Jly . From (74) | Jmpp:v these
drensitiens  (seuld gwe 'ﬁ Wreny form  Tor K . 50 e muit somehov
f”"' ‘y«ﬂr eMJ L“C‘- 4‘,“':‘1 . ~I\ ‘“}LU' -ordes pﬁ‘{'uréﬂ‘l‘l'ﬂd ‘y;ar)/ many
such ‘arr.wle.a Um[-n‘u'l’& Csee, ﬁm on [<ot fge , JL&V:};, a4 4. --Hl
ordes prow‘) . From ths 4 s cbviens  Jhad e mut  have

A ok 3¢ (o)
7'{;;;0 + g ,n>{ € O * V‘Mu_.] <m]

+ %K Vor Vim ( J : )} <m| (7.5)

+
€-€ En-€f

To both (74) «d (15) e restichus on strtes 77,15 e mde
enff:cn‘ m the su~c (., the sum w  (V4) 5 orr stdea [, ImD> i
dhe  Hbert spce. HE(Ee)). The sum wver L aa (735) s in the
"a(l&.ma- sp<ee Y 83X = DE(E) - (), A/a{’c also thed  (73) ssines
dht |m> «d [0y <e not tflgawda - of ey e, Yoe 15 the obvious

r Cf/‘icmc.n% 4\‘ ‘-H& Q‘\b! "‘ZIM &)’ 53 4
[n> f Vool /C€2-€5) <ml (1.0

Focma lile. (7.3) amd  (Me) e -{'rlwa")f o‘ywd from the S'n"w;[va' mu”’s



‘ﬁr mebix elfl‘rm\‘-s nl‘ A o’oﬂ‘v tn PWJ!M 4‘147 (R:.,,g-, l‘e‘( ug,
M‘ﬂl §3g, 3’)-
IrJe,. Cta dq ‘-{‘}1!! mape '6!#!‘”)/ QJ mert W‘![I/V [ ¥) ﬁf/ovs. qu)mc
-alq‘ e l-.ﬁft‘ '{'J ‘/’rmm *ylﬁ- F“y, o/ a,aaq‘m .{ &
Hemi Honian # fom & H;{L@F 5)<ce )GJ 40 < mice
restncted  sp<ce K, , Whilst Yo sme fime
mski swe o s stll accurste. fn/f/ cfe-ﬁnc. He
Qﬁt(_Z«/L H‘\MIH'GMM ¥ 7 3e op{!ﬁltu\ 13
mkic'lu_l + e H;M sp<ce )( Ia 9“‘”‘/
Hus Hmﬁﬂmm 3 A -Fw;crﬁo« of m)z E,
as we shidl see  (his s 4 " redardation e#w&).
Then 1+ 15 feuly ey 4o see thet He
%nC&&n + 2"-6!"@‘4&" 3 ‘90-9 4o hive '“l‘ 'IG"'M

(€)= (e) + AN, [ (%)
*Jn xJ ) x:ﬂ E_ }(*J AJ{AI‘;‘H
which 15 ru.fly s short -hard for
LY A ’ill_tj = -~ }{- (E)’AF
’Ia,}u }{x‘m xJ-‘! ’ﬂ:;au x.l XJ“
.Y A ’ )
AN P — A (79
A)fj!" %JN E . 'H;‘J ;(JH difj‘l,
~ Fa) A N
where e 185 (s < projection apesater = £ we wnte r”_;’( OE ”
then de P on opudm restrier dhe <chen of dhe Ofm‘icr/ 05’ both
lef «d r:gﬁaf o q'*: Hilbert space ) As  indicated in Yo J.«'grw,
He Hilber ™ spece A3€) s the M&ua betucen 3’6:1 ad 36‘,,”; aand
‘y\b b FU‘[‘hr[ onl” iz Jﬂaw
A?[-bxﬁ; = ﬁ’ﬁ"x_};ﬂ (7,)
a A " A A
— TP
-2 = T I - .19
= (TF”‘J ’P}{Jﬂ) j-r“.; ('*J rla.w) e

ie., dhe lfl:rtﬁv T3 ‘1(3( 5 bt Nﬂ‘ndu’ 4o acd mf), w the  smill part
0{ ?L/JM lftt-c. bdb’an 36.] Q\J 3€J‘” . .

Al 'of s con b nped <o Hhe Stacting paint for  the  penormelischon
Hlanp method  of truncation , thich 13 e petlod L will  discuss. But
we wil frt caver smpler metheds
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will Freacite out  one of he levels ,ndwwﬁ Q- loved  Hsmbloarsn,



Uslg o - ardler -‘perh,-l.vffm -(Aury 75& stactve of He H%:H‘u;u
Is , 1 ‘&:_, uﬂ’dupu ‘9\'-6('5 P 9:.«:4 29

€o

|o> - €o Vo Vy
5—(,,:, = Voo € A (7"0
€a : viﬂ & -
18> €y
b2 wWre we hye < dredt m<hix element

A ik stetes |8 wd [V, «
UJI L = ‘Llﬁl ‘ﬁdd § K .--aﬂ!‘ /s Jmf "y!.f. {Afh‘tl 77—5.
we <rt n{rcuff 'ﬂm:(to tath Bf:a ane Cw «/.ro Meke -(ng,;h‘ms ;
via dhe Ll_,ln—owy)f st<te IO>. I+ is —F-':{rf); exay + see thed
) ﬂuﬂ-cmltf " Yutoe ‘('r‘Wthm , Yo 7)/1{% Sruacle, ‘o the

] -levd ‘farm
(2} Ea a
: A (7.12)
ﬁ'ﬂ“‘l (z Eb) 'flg'
w | — !
tJ'IUC. At A= VngL(e;e;, t G,"‘g,‘)
£, = €, 3 ,Voal%e,-e.) (7.13)
gﬁ F 65 = ]VQG ,%60- €,)
ad  Lhoe € : (3‘*61)2 } (7.14)
€, = -(£44)%

T have cheaded :fu,‘r!’l'/y hoe |, Ly UsIng < benis  sheten Iﬂ>
wd 167 e egastilen of Yo prablem i Yo chsuce of 10,
Mc“l‘cz, the efledt a]l Yo broiton housb 19 ; -Uw,, ush [ovels
[a> «d 16> dowa (llt'wd anfsfun ”) ad #icy renorm<iise /N
(by <JJ1.7 m extra  chamel -f'r‘mai'h'm.r),

EXAMPLE ¢ SPIN -BoSoM moDEL

N’V, MJ\‘G\'J 0|( Jnmt ane
diyrse of thecdeen b e, \trmcatid [ebs do t o < syl
Aumbor. gﬁﬂom e sixt fom a Herilbon<n  of -{7’,0,

H, = A% - i-g[ecsc-w?a(m?o;;ﬁ ey Swn ] s
., & pin -bosen  Hamlbonian of Fype (22) | bat wnbh

2¢0 biwn (£:0) <wd ne travevene couplny ( C3 -’o).‘v‘d
L*qmu: pv il ve drude o o2 Jover U ont-of ? We Ccoa
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ansve $ question  most _Our[/ e [wgnge of egbas. (77) - (7.1e)
He Lq s 'A\ol He torm  of AH m (%7.9). Sne e < -ﬁmcduy ont
empien  behenn &, wd s lover cub-of S enper IR e Lo  srsumed
H be biusb compered 4o A, e <t sm.,,ﬁ; Fruocsting  aut besens. Thus we
see Yt

E>wp2dl, -
Affjp 1=l Z [EM(Rlei)g) + 4% ] (ri)
) G W > i, + WY . C, ” 4+, A
2 [l ) - g )t ]
Ee 4 o
. +
: mf dwy, [ wy (byby + %) + V?‘:;("f's* )% Newy) (%)

oo e debe Yo bith gurchs by by w duma of the bb coudice
c‘ouqkr: via

A L v_l__ 3 +

Xq Fora ( by + by )

) (7.1%)
B i) ()

ad  define He o&n:ubr of stdes  N(w) : a"f/dbd 3 The ot tem 15
wintgreotiy , beiame we e 99y Yo werk e <t lwy T , such N/
LT . T, dhs coc uve con <osine Hhd

Ny = Sbby> = 0. } I |
bobgr ~ Bgqr | |
wd ane Yo ewly seen thet | from (17)
}"(&m . ?25‘(6) - j:}u,nl(u,){qﬁ"?z w_y:;?T;CVK z;} (7.20)
- ) wdle
where X = At ¢+ 75 Cy%e T, | (7.a1)

hhet we will be intgrested in hoe , both 4om < methidihyical pont of -
view «d Lo comperisen onth Ity resubs | is e chuge ths cwmss
Yo Aunnelog sl . Lets see hov s works out. We il assme hd
€ <<dlo , 50 Hd e cm exped (recill Ec>Wy>Uy):

. LA T €- _
S e e i



77

q«;ﬂ He. e L'wc. % Cxpressio far e c‘ﬁ)ug- e . Hﬂ:#mp?u
6%( = i(a‘,(c) - J{E‘[GJ

Ec A w’f..&.
L 2 Ll € A = .
[ ]

b _‘u', Ju;vn#‘w last torm , Wik s icelevat Ho HUe resvrmehisshon of A. Usr):,
GG = =T, we fnd , usig  (719) 4o de<l wath Xg st

A E.
== dbd Lo ® L + -L_'L Ad ..
K, ‘L’ h N(wg) cqxg (td, e (€ + -{;)) +

E 2
B C(w) | A
E | = W) B + — (e+ o
‘S';edk) N M, W ( W w ( A‘f* )) ¥

Ec
& —J;Ed_%’ 'J;Lw)[‘wL + a’—;(éfﬂ‘t‘x):[ o dem (.24)
whoe in e [t fim ve use e defurber
i
Jywr = %Z_(_CL)_SGJ-N,)
7 ma, o
s L pjw G
M, W

(‘ﬂm Sunchin D:CWJ 15 somepmes  called e “CAM.um-L%C* i J,edm" ﬁ,cﬁ..,).
fram (7.24) e ;MMCJWM)' sce Hd A hw haged ; v anv heve

T
= - dw "~
Ata,) = A [1 f‘uu
The other torms

: (v.29)

s T W
m (71.20) il net be disensscd here. The net<ton ia

(7.25) 15 '6‘4‘ A 15 nov  Setn < < fuache, of e Upper Or!-t{ n e

céeca"-’f- ﬂw:”‘wm.

I+ s

cruciel o cemesher Yhid results like  (T02) < d  (7.29) <
4’“1’“83&1};‘ -

e mi')* ﬂ%l'\)A; «.J{; e usn/ Cgac&f;ﬂﬂ dr( A
cﬂ,},mﬁiﬂy of W‘u’!&n "M‘l{)f ([.r'.f:!..J et in ['YS) 2 Aﬂ << (E" ?{),

" oLvmm m'}rﬁ o«\) -

Now ,A/uc,«.f!y Bis merms Ve st Frucihe et derms Yt are Comiag Srom
vey "HFewot D bl prcsses  ( hst-entgy ] compued e b ones ve

e m%wM ia. 'ﬂ;ll mems e <e re,-J// ﬂu/u” < khw’ -f( aa&d«‘.«c Yprex-,
hich  lexds  ws J"faiqy do  the Bora- O,p-&[.am wm’mhq‘m...



.18

7(b) BoRN - QPPENHEIMER APPROXIMATION

Uc. CMﬂJ-(r 'aub ‘F;Howl«., pn‘lm. Sﬁmog we sz Qa S)/J'Ju. !Jlﬂk. a‘@rﬁu
au( 'ﬁ&lﬂh CA. Lf, Jmh} m‘lll " Sllu “ t'-ul "-Fm+ "’ ol!,rcp; .1( Mﬂ,. "\/C
e only ideeted in the shu desreen of freeolom , wd e wisl o fde
ﬂcr_m\n'l' o{ "y‘e' CM o.( “ab ‘I":O\" cwrtﬁa'\ka on "alb dyumic.; ﬂ( wgl& J’ov
ones. grmw'fy e CA imsgiae He sHudon <o glown scﬂuea.q{,u!!). o e

we have & sed m( ‘u,‘L ey dyrm of

Fsr VrmsiEs] St G e T
é hfe can <lse Sk of e oot y’v:b“u
5L As an  "ewircomed * vhih s Canplect +4s
hid e  sloy  yapadles We «e gom +s "qlcrgc
VARIABLES e, oo inbepecke st © o, ohert of e
t,e\\hranmtq‘&.

The gorn-oﬁo&chfw ( 30) *ﬁa.(ﬂm'utlm 5

ulutﬂy JQVM F ) 16”1!4:- Lc} s Sqﬁ;ax.. e Cw  write yl-b #m-“‘uﬁ 'A‘P
e combiaed s)ts-f-:m as

H(Q ix0) = HQ x>
- @ + Kx) + Y@x)  (73)
e Ge vede Q lbds dhe sley vadles, X 2 X3 Yo Aok yenbles. Tt

5 clecr dhod s;nu;, UV cut-of Chee called Ec) ! s ;../[;uf i s
A

‘ 71;& next step is o MMM& «  wve-fomchon ansctz for Hus H o Honyn
p y
baed oa Yo idea  thed e -Fa-l Veeidlea -wft’-ij;r dyﬁwsa r&{-u‘lw(/
smoothly +  $he sledy -Veayw, Q. Thue wme writes
j’f,:.-c f(?,’j) « £ ¥(Q,x) (731)
where F@x) = Z2,(Q)e,@.x (1.32)

wd dhe  fot yurdle wilas scx‘{s-f;
(Hoo + V@) g(Qx) = @) g(Q.x) (733)
f¢-, Q s Jm+ e ﬂqﬂ\eﬁr in ”WH'MW- (7-33)_. /—J/f at( 'ﬂn ynu Jllﬂft!

recoppiic.  from aur  prevons  discussion of  He adishe sporox.  (eehon 4 ().
If e anyv sbshinte (V32) sabe (731) e ot

Z[H@ + @] EQ) p,(@x) : EZF@0Qx) (73
Ta g0 < hile Loddher o muwot speafy He oom f 'fﬂ,(@)-‘
#(9) - [(P/;ZM“UCQ)]E [-Wo’yma,uw)] (733



WLQ we nev I—stf\ ‘ll'd cjlmiu‘f’ﬂ:lﬂ_ 3 'yn‘ n( ‘6{& /Wd’ o'F
M“U’ul' e «f ey Utﬂ MGU ‘F‘v# {WdJ ve Can
write  he -ﬁ”m:,.’ Go . &dmo H«m ans < 14; ér lavy /%/J

I W { 2 (501 ¥-tAng (9 (31a% -4, 9)
+ O, (6,,(@)+UCQ))} (v3¢)

e Hhe mn-ﬁbe.f;;a Fege Fm‘q{u/ 15
A @) = i@y IV, | o> (*1.37)

75!: a%d'fe. HW”'MW r-Ju-Aen
#4 8,0 = EBy(9) (7.35)
ad s Bus He coveet - -eeyy Heailboron for the dya<mcs of bhe  slow

V‘J'*wa Q; uueU -y\b Bo /) fo)tnm/um c-!-\ﬂ ‘é"b ‘Afh n( ‘g\& o
?/“xmst-&m cm(y tnclader Yo -g,ont/ p«rf of H,,m (@) ie., one hew

go C a
H - %—M (V{i, -A, @) + (€, (@ + UW)) (7.39)

mn

with R, (@) - 3,,,‘ A (P) 1 = Bhs (@) (7.40)-

- — e, e W gy e o e mm

/Vov Id's 3# 1": #w, Jy:Vq‘;on p{ #m, -F;!m J:arm-] -étm 7] vtr/
sple . Tf wve stat frm e hknehe pet of  H, (P) in (734),
59 immed cb& fhed e ged the “gpropirte  mefri b&ﬁﬁ} 1)’ C”‘pmlrn)

(u[ Vo8 W = L, | Vp B B>
- Z (30e Vo A0 (90) (8, V-1, (9) B,,  (2)

‘V"( "a"— rest 'F”ﬂ-«f JMA-EAJJ)- 71{11 8"0 Ofpu‘.w m*ff ‘0'0 ‘14%1-/‘
by reslsiy the

Ana(@ = iln|Vlm> = i il Hwm> (7.42)

En@-E, @

ﬂ:{. qﬁ. Cé-ﬂ) <ne s‘uﬂm-jhys); hﬁm j(CP) 13 JW-‘H" ‘6‘& Hﬂw”’mm n
the form g in (13‘) ; wnz.,

23



.80

K@) M, (@) + (J{ ) + V(@,u))- (743%)

71""- 60 ‘p/(lwﬁq‘m-. "y\u Consly n ‘y‘c GQW-‘ 'U“J 'F ‘6("’-' ‘“D)' /Wb'
En(Q) of nlorest am uidely s'cfcrdut from  hisher Ctayy levels , ther oft-dived
dgma  In (”-91) wilt ke A /.;:'Hr,. M Hhse 15 frue - pet s anether
7.4091‘::\-\ i cﬂrrcq‘l-w Art vaf)« oorrcdtm 44 “n «’t«‘d‘w -'wpﬂlkin;a'm y
MJ. Cn l'o S‘f’hc'!d n U?J ‘HJ::“'" e -&g Jf:oﬂ.u;ca in Sechian §¢(1J.
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mided  of  (113) , and ney ek bhau e tuplemed <« B0 <gpraximehon. This
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ACI’_‘:—J::’ o the 80 appregimation , He [u,f. sy bosons ((4? > 8) 4
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ascilleders. In lae itk f'/.ﬁ.) we wiride » for e 2 Spine s{-\L

)= ST
NELAY z 18 } T
¥ (3%3) = > T XY

We ney wk LhAd s Yo sepachon behen te 2 gge lvest
tapy stder , i Lhd Hhe Hroud stde  gsefl<tor | ycve Aunchons [Qf;; 67>
<t fﬂ“"f@rﬂ‘tﬂ' <fso nto #z, IJ‘VB-"HMC*IM. 7“154(. aSCJI,f_;M' J")“‘iw <c

‘#’;(‘” L eidﬁyf’r tﬁ:(o) } ' 649
Ay * Gl

vhere (h:(a) s He osa/lc}o, jnul-sﬂ& vevetfumchon in e chae of sy
cowpli~ 4 e codrd spia «d ﬁ’, is  the Qotr<dor m (‘X %) » we defiae
S=2 Hfor spm Tyd.

ble <e ,rqéo:ou in e J'//f#"p ‘C}‘Ja« /WJ‘ 'E-f- oul 52:, /LJ!‘CN:_

T (1) L[ TG t F)] (74¢)
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