Phys 306 Homework 7 solutions. April 11, 2017

Marking scheme in red.

1 Question 1:

part a)

The Euler equations in this case are:
Loy + (I3 — Iz)wows =0 (1.1
IQCZJQ + (Il — Ig)(dgwl :O (12)
I3ws + (I3 — I1)wiwe =0 (1.3)

Now suppose that I; — I is small we can set up a small dimensionless parameter € as follows ,

L — 1
€= ——.

I (1.4)

Note there are other possible choices for the dimensionless parameter which should yield equivalent results ( any
dimensionless parameter which is proportional to I; — I will do). To begin with we have 3 parameters /7, I and I3
we don’t want to add any parameters so we should eliminate one, say I» using,

12211—613. (15)

The expansions for our angular velocities are as stated in the question

wi(t) =01 (t) + e’V () + 22 ) + ... (1.6)
wa(t) =0 (t) + enSV (t) + 282 (1) + ... (1.7)
ws(t) =Qs(t) + enSV (1) + En(8) + ... (1.8)

Plugging equations in (1.5-1.8) into the equations of motion (1.1-1.3) and collecting different powers of € gives

0O + (I = 1)@ + ¢ (L") + (I = 1) [1579s + Q" | + B2 ) + () + .. =0 (19)
L + (I — [3)Q30 + ¢ (Img” (I~ Iy) [ngwgl n Qgrﬁ”] T 1302) L)+ =0 (1.10)
IgQg—‘rE];; (7.751)—9192) +€2(...)+...:0. (1.11)

The lowest order approximation is obtained by taking the order €° part of the equations (1.9-1.11) ( this is equivalent
to setting € = 0),
L — I3

1
LIy

1

Q) —

0903 = 0 (1.12)

Qz+

230, =0 (1.13)
Q5 =0. (1.14)

The lowest order equations are just the equations of motion obtained if I> = I; which is what we expect. Now we have
to deal with the initial conditions, the order €” part of the initial conditions are (substitute equations (1.6-1.8) into the
initial conditions at set ¢ = 0)

0,(0) = Q% (1.15)
2(0) =0 (1.16)
Q3(0) = (1.17)

—_



the equation for 23(¢) can then be solved,

Qs(t) = Qéo) constant. (1.18)
putting this solution into (1.12) and (1.13) gives
. L -1
O - 20,00 =0 (1.19)
L
. L -1
0y + %Qg%l —0. (1.20)
1

Substituting 2; = e"*a; into the above and solving for the frequency v we get

I — I,

1

v=+ Q) =+, (1.21)

So €25 and €25 oscillate at a frequency vy = %Qéo) which along with the initial conditions (1.15) and (1.16) suggests
that the solution to the lowest order solution is (you can verify that these are the solution by differentiating them again
and plugging into equations (1.19) and (1.20))

I — I
Qi (t) :ng) cos Vot = ng) cos (113(2:(30)0 (1.22)
1
PN () BRPN O I B S B C PN (O
Qo(t) = — Q' sinygt = —7 ’ sin 1793 t). (1.23)
1

Note the minus sign in (1.23). Thus to lowest order the vector w(t) is

I - I I — I
w(t) ~ ng) [cos <1113§2:(50)t) &, — sin <1IIBQ§O)1§> é2:| + ng)ég (1.24)

where {&;} are the unit vectors pointing along the principal axis.

part 2b)

The next order equations of motion (order €') are obtained by setting the coefficients of ¢ in the equations (1.9-1.11)
equal to zero which gives

oY + (I - 1) [7751)93 + ané”] + 130505 = 0 (1.25)
1Y + (I — I) [né”Ql + anﬂ F L0 =0 (1.26)
s — 210, = 0. (1.27)

Plugging the solutions for €2; (1.22) and 25 (1.23) into (1.27) gives

(0)?
2
WP (t) = =97 cos vyt sin vot = — 5 sin2ugt (1.28)
(0)?
= V() =C — - cos 2wt (1.29)
0
where C' is an integration to be determined by the initial condition. Initially w3(0) = Q3(0) + enél) 0)+...= Qg])
but Q3(0) = ng) (from equation (1.17)) so enél)(()) + ... = 0 which is easily satisfied by putting né" (0) = 0 and
therefore ) 5
Q(O) Q(O)
C _ 1 — 0 = C — 1 (] .30)
41/0 41/0
SO ) )
0 o071 L1
) (1) = “2— (1 cos2mt) = ——— {1 — cos <2139§°)t)] (1.31)
4VO 4(.[12— .[3)9:()) ) Il



where I have used the expression for 1. Thus the solution for ws(t) to order € is

2
I — ), LTI
w(t) ~ Q3 + eV (t) = QY + % (1 — cos (21]?’95,0)1&)) : (1.32)
4]3(]1 — 13)93 1

(I have used the definition for € in the above).

part 2C)
Cf. section 10.8 Taylor - Classical Mechanics

(@

In the body frame rotates with the principal axes we can get L using the formula L; = I;;w; with a diagonal inertial
tensor

L 0 0
Tioy=10 I O (1.33)
0 0 I3
So that using the lowest order solution (1.24) for wyedy (¢) we have (remember to lowest order Iy = I5),
I 0 0 ng) cos vyt Q(lo)Il cos ot
Lbody = Ibody . wbody(t) = 0 12 0 —ng) sin Z/()t = —ng)ll sin I/Ot . (1 34)
0 0 I3 ng) Iy Qéo)

Note that L is time dependent in the body frame even though there are no external torques this is because the body
frame is non-inertial. To try and get a better understanding of this we write L in terms of the unit vectors {&;, &>, &3}
which point along the principle axes of the body,

L -1 L -1
L(t)~ %1 [Cos (11399%) &) —sin ( ! 7 3Qg0>t> é2} + 01584 (1.35)
1 1

Now {&1, &, &3} move with the body (and thus depend on time) which is why the components of L are time dependent
even though we expect L to be conserved. The magnitude of L in the body frame is constant,

| Libody| = \/(Ilﬂﬁo))2 + (1002, (1.36)
(ii)
In the inertial frame L is time independent so we only need to calculate L at ¢ = 0 we know at¢ =0,
Winertiar (0) = V% + 0”2 (137)

and as the principle axes of the body line up with X,y and Z the inertia tensor at ¢ = 0 in the inertial frame is (in the
inertial frame I;; is time dependent as the bodies principle axes rotate),

L 0 0
Iinertial(()) = 0 I2 0 . (1 38)
0 0 I3

So the angular momentum in the inertial frame is (this formula is exact)

L 0 0\ [ Lo
Linertial = Iinertial(o) : winertial(o) = 0 12 0 0 = 0 . (139)
0 0 I3 ng) ISQ(BO)

And the magnitude of the angular momentum is the same as in the rotating frame (1.36).

Marking scheme: The assignment is graded out of 10 vgilh marks for the following:



One mark for setting € as a quantity proportional to (I; — I5) like in (1.4).
One mark for obtaining the correct order € equations, something equivalent to equations (1.12-1.14).
One mark for noting the that solution to the lowest order equation for w3 is {23 = Qéo).

One mark for correctly identifying that the solutions to the lowest order equations for wo and wy (equations
(1.19) and (1.20)) are sinusoidal oscillations with a frequency vy = 11[—;1395,)0).

One mark for finding the full expressions for 2 (¢) and Q(¢) (equations (1.22-1.23).
One mark for correctly finding the order € equations, (1.25-1.27).

One mark for finding the solution 77;(30) in terms of an integration constant (1.29).

One mark for correctly implementing the initial conditions on 17:())0) to find the constant and the result (1.32).
One mark for correctly finding L in the body frame (1.35).

One mark for correctly finding L in the inertial frame (1.39)



