Phys 306 Homework 1 solutions. January 19, 2017

Marking scheme in red.

1 Question 1:

part a)

(i)

The Cartesian coordinates of points on a cylinder of radius r are given by,
T =T COS ¢ (1.1)
y =rsing (1.2)
z =z (1.3)

where 0 < ¢ < 27 and —oc0 < z < 0. So differential changes of all coordinates are related by (r is constant)
dzx

@dcﬁ = —rsin¢gd¢ (1.4)
dy = d¢d¢—rcos¢d¢ (1.5)
dz =dz. (1.6)
So that ds? becomes,
ds? = da? + dy? + d2? = r?(cos? ¢ + sin’ ¢)dp? + d*z = r?d¢? + dz2. (1.7)
Therefor
ds = (r2d¢? + dz2)7 | (1.8)

Part (i) is worth 1 mark. Full marks are not awarded unless it is clear how the answer is obtained.

(ii)
The Cartesian coordinates of points on a cylinder of radius r are given by,
T =7 cos ¢ sin 0 (1.9)
y =rsin ¢ sin 6 (1.10)
z =rcosf (1.11)
with0 < 0 < 7and 0 < ¢ < 27.Thus we have the following differential relations,
dz :%d¢+a—dﬁf —rsin¢gsinfde¢ + rcos ¢ cos 6 db (1.12)
dy = aZd¢+—d@77"cos¢sm0d¢+rsm¢cosﬁd9 (1.13)
dz *d—dG —rsinf dé (1.14)
=pdf=- in .
therefor
ds? =r? [(sin2 ¢ sin® 0 + cos? ¢ sin? 0) d¢? + (COS2 ¢ cos? 0 + sin? ¢ cos? 6 + sin? 9) de?
+ 2 (sin ¢ cos ¢ sin 6 cos 6 — sin ¢ cos ¢ sin 6 cos 6) d¢d9} (1.15)
=r? (sin® 0d¢* + d6?) . (1.16)
So
1
ds = r (sin® 0 d¢* + d)> (1.17)

Part (ii) is worth 1 mark. Full marks are not awarded unles? it is clear how the answer is obtained.



(iii)

For Cartesian coordinates

ds = (dz? + dy? + sz)% !

Cylindrical coordinates are defined in equations (1.1-1.3) except now 7 is allowed to vary so that

dz = g¢d¢+ a—dr = —rsin¢gd¢ + cospdr
Jy ar

dy 8¢dgb+—dr—rcos¢d¢+sm¢dr

dz =dz

plugging these into (1.18) and simplifying gives,

1
ds = [r?d¢® + dr® +dz?] % . (cylindrical coordinates)

Spherical coordinates are defined in equations (1.9-1.11). We get the following differential relations

dx *%d(jﬂr a—d& + ?dr = —rsin¢sinfd¢ + r cos ¢ cos  df + cos ¢ sin ¢ dr
oy dy
dy = 8¢d¢+ —d@ + a—dr =rcos¢sinfde + rsin ¢ cosddf + sin ¢ sin 6 dr
dz *a—dHJr a—dr —rsinfdf 4 cosfdr
a0 or

plugging these into (1.18) and simplifying gives,

1
ds = [742 (Sinz de” + d92) + dTQ] 2. (Spherical coordinates)

(1.18)

(1.19)

(1.20)
(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

Part (iii) is worth 2 marks. One mark for each of the boxed equations. Full marks are not awarded unless it is clear

how the answer is obtained.

Part b)

Consider the motion of a particle which starts at (z1, ¢1) at time ¢; and ends at (z2, ¢2) at time ¢, the differentials of

the coordinate of the particle may be written
do = ¢dt
dz = 2dz.
So that the length of the particles path ¢ is

z:/(zwz)ds_/ dt\/R2¢2—|—z2—/ dtf(¢, 2,6, 2).

(21,61) t1

We can find the paths for which /¢ is minimised using the Euler-Lagrange equations

d<af>_8f:d i =0
8(1-5 d¢  dt /R(2)¢2_~_22
of 5'f d z B
2(0)- -4 )

82 dt /Rg(bQ + 22

(1.27)
(1.28)

(1.29)

(1.30)

(1.31)



Integrating both of these with respect to time gives

L
_fee (1.32)

/Rg(bQ + 2',2
i — ¢y (1.33)

where c; and ¢, are constants of integration. Therefore we have
dgp d¢/dt

= — = =K. 1.34
dz  dz/dt 2R3 (1.34)
Integrating with respect to z,
p(z)=Kz+b (1.35)
K and b are integration constants which we see using the end points,
¢1 =Kz +b (1.36)
$2 = Kzp +b. (1.37)
Subtracting equation (1.36) from (1.37) then rearranging gives
K— G2 — P1 (1.38)
22 — 21
substituting that back into equation (1.37) then rearranging then gives
p— 9172~ P21 (139)
zZ9 — 21

so that putting everything together we have

(P2 — b1)z + P122 — ¢221'

P(z) = —— (1.40)

The expression (1.40) solves the Euler-Lagrange equations with the correct end points but it is not the unique solution
as we can replace ¢ — ¢2 + 27n where 7 is an integer in the expression (1.40) and still get a solution which has the
same end points. So the shortest path is

(P2 + 2¢m — 1)z + 122 — Paz1 — 27Nz
zZ9 — 21

¢(z) =

(1.41)

where 7 is found choseing the value which minimises ¢,

pa2+27n dz 2
e:/ds:/l d¢1/1+<d¢) (1.42)

2 ¢2+2mn
— 2 2T Aa
a \/RO+ (¢2+27m—¢1> /¢1 d¢ (1.43)
zZ9 — 21 2
_ 2 27 _
; \/RO " <¢2 +27mn — ¢1> (92 +2mm = 1) (1.44)
— \JB3(62 + 2mn — 61)2 + (22 — 21)2. (1.45)

We can see from equation (1.45) that £ is minimised when (¢2 — ¢1 + 27rn)2 is minimised. When |¢2 — ¢1| = 7 are
two possible solutions for n (eg if ¢2 — ¢1 = 7 the minimum n can be either 0 or —1). This reflects the fact that if the
two points are on exactly opposite sides of the cylinder then both the clockwise and anticlockwise paths will have the
same length.

1b) is worth 4 marks: 1 Mark for deriving a functional for the path length (something like equation (1.29)), 1 mark for
deriving the appropriate Eular-Lagrange equation(s) (equations (1.30) and (1.31) above), 0.5 marks for showing that
the relation between z and ¢ is linear, 0.5 marks for finding the constants (K and b in the above solution) and 1 mark
for correctly discussing the uniqueness of the path. 3



2  Question 2:

In this case the kinetic energy is
1

T = -—mi? +

2
and the total potential energy V;o is

1,
—MoX
g A2

Viot = W(z1) + W(z2) + V(21 — 2).

So the Lagrangian is

1 . 1 .
L=T Vit = =mqd? + —mois — W(x1) — W(xs) — V(z; — 29).

2 2

and the equations of motion are,

_d (0L oL . dW(xy) dV(x; —x9)
0= d¢ (81‘1) 8331 = + dl‘l d(l‘l — xg)
0= dt <6x2) 856’2 = ma¥z t d.’EQ d(ml — 372)
or
o dW(a)  dV(z —a)
mir, = — —
dl‘l d($1 — ch)
and
Moiin — _dW(J?z) dV(xl — $2)
¥ d{,CQ d(.’El - .’EQ)

2.1)

2.2)

2.3)

(2.4)

(2.5)

2.6)

2.7)

Question 2 is worth 2 marks: 1 for the correct Lagrangian (2.3), 1 mark for the correct equations of motion (2.6) and

(2.7).



