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Up until this point, we have been dealing exclusively with ODEs specified
as initial value problems (e.g. degrees of freedom specified at the same point in
space). Oftentimes, however, we require solutions to ordinary differential equa-
tions where the degrees of freedom are specified on the boundary of the space
in question. The goal of this tutorial is to solve a one-dimensional boundary
value problem (BVP) in three different ways: by building an efficient shooting
method, by using a Jacobi solver and by using an efficient finite difference solver.

1 Shooting Method

Consider the following BVP,

v′′ + exp v = 0 (1)

v(0) = 0

v(1) = 0

To solve this differential equation by using a shooting method, we will instead
consider the initial value problem,

v′′ + exp v = 0 (2)

v(0) = 0

v′(0) = C

and use a root-finding algorithm to determine C such that v(1) = 0.

1. Rewrite (2) as a system of two first-order ODEs.

2. Write a function called endpoint that solves (2) with RK4 on the domain
[0, 1]. This function should take an arbitrary number C as its sole input
(corresponding to the initial condition v′(0) = C, and should output v(1).

3. Use the root-finding routine fzero on the function endpoint to find a con-
stant C such that v(1) = 0. This is a second-order differential equation;
is this the only solution?
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2 Finite Difference Method

Again, consider the BVP,

v′′ + exp v = 0 (3)

v(0) = 0

v(1) = 0

We discretize the interval [0, 1] into n+1 equal subintervals of length h, such
that ti = ih for i = 0, 1, . . . , n + 1, and we write vi = v(ti) for i = 0, . . . , n + 1.

1. Find a finite difference approximation of v′′ using third order centered
finite difference stencils.

2. Demonstrate that the operator (3) becomes

Li =
vi−1 − 2vi + vi+1

h2
+ exp vi = 0, i = 1, . . . , n (4)

L0 = v0 = 0 (5)

Ln = vn = 0 (6)

3. This is now a system of n nonlinear algebraic equations for the n unknowns
vi which may be written F(v) = 0. This may be solved via a Newton
iteration!

4. The iteration for the Newton method is

vn+1 = vn − J−1(vn)F(vn) (7)

where the components of the Jacobian matrix are

Jij =
∂Fi

∂vj
(8)

5. In this particular case, the matrix inversion isn’t too bad. The Jacobian
is tridiagonal and it is possible to compute its inverse very efficiently.
However, in higher dimensions, this process becomes intractable and it is
desirable to look for simpler methods.

6. Use the Jacobi iteration to solve the above BVP

vn+1 = vn −D−1(vn)F(vn) (9)

where D = diag(J) is the diagonal of the Jacobian. This allows us to
perform the update in a completely local manner without any matrix
inversion. Unfortunately, the result is a method which converges much,
much more slowly.
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7. On may accelerate the convergence of the Jacobi Method by solving the
problem on successively finer meshes, using the output of the coarser
method as the initial guess for the finer solution.

8. A more advanced version of this is known as the multigrid method. It
permits the solution of BVPs in D dimensions (grid size ND) in (O)(ND)
(e.g. it is basically as efficient as you could possibly want). The moral
of this story being if your problem takes longer than linear time to solve,
you are often doing it wrong.

9. Write a Newton solver for the above problem.

10. Compare the outputs of the three methods.
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