
Phys 500, Quantum Mechanics

Intro Test • Reference Solution

1 Things you should know

Question 1. (a) List the eigenvalues and eigenvectors of the matrix 0 0 1
0 0 0
1 0 0

 .

(b) How is a measurement of an observable O described in quantum mechanics? What are the possible outcomes

of the measurement, and what are the possible post-measurement states?

Answer: (a) The (un-normalized) eigenvectors of the above matrix are

(1, 0, 1)T , (0, 1, 0)T , (1, 0,−1)T ,

and the corresponding eigenvalues are 1, 0 and −1.
(b) In quantum mechanics, the observable O is described by a Hermitian operator Ô (or, simply

O). The possible measurement outcomes are the eigenvalues of Ô, and the post-measurement states
are the corresponding eigenstates.

Question 2. [Angular momentum] (a) Consider a spin-less particle in a rotationally symmetric potential in 3 spatial
dimensions. What are the degeneracies of the energy eigenstates? What are the eigen-energies and degeneracies if
the potential has radial dependence V (r) ∼ 1/r (non-relativistic hydrogen atom)?

(b) Consider two particles of spin 1/2. What are the possible values of the joint spin of the system?

Answer: (a) [Background: For a potential with rotational symmetry, angular momentum commutes
with the Hamiltonian, and is thus a conserved quantity (by Noether’s theorem). There are two
quantum numbers associated with angular momentum, l and m. l describes its magnitude, and
m its orientation with respect to a preferred axis. m and l are in general half-integer numbers,
and integer numbers if only orbital angular momentum is considered. We furthermore have the
constraint l ≥ m.]

In a general rotation-symmetric potential, the energy of the trapped particle depends on l
but not on m, and each energy eigenvalue is thus 2l + 1-fold degenerate . For the special case

of an 1/r-potential, the particle energy is also independent of l. It only depends on the radial
quantum number n ∈ N, namely En ∼ −1/n2, and furthermore n > l. The degeneracy thus is∑n−1

l=0 2l + 1 = n2 .

(b) The joint spin can be 0 or 1.

Question 3. [Time-independent Schrödinger equation] Consider the 1-dimensional potentials shown in Figs. (a)

and (b) below. What are their eigenenergies?–Draw them into the diagrams (be qualitative). For (a): Which energy

scales govern the splittings of the low-lying energy eigenstates? For (b): Consider bound and unbound states.

(a) b)
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(c) Consider the box-shaped 1-dimensional potential of depth U and width ∆,

Δ

U

Can you give an approximate condition for the potential supporting a bound state?

Answer: (a) If the potential barrier in the middle is sufficiently high, then the eigenstates come in
pairs of near-degenerate states. The energy splitting between them is proportional to the tunnelling
rate through the potential barrier. If each of the wells can be considered approximately harmonic
near its bottom, the other energy scale is ~ω, with ω related to d2V/dx2 at the potential minimum.

(b) The spectrum of the bound states is discrete and the spectrum of the unbound states is
continuous.

(a) b)

E E

x x

continuous spectrum

(c) There is always a bound state for this potential, independent of the values of U and ∆. You’ll
soon solve this problem as a homework.

I also give a full score for the following take at the problem, even if it is not the correct solution, because

it shows an understanding of the relevant energy scales: Assume [that’s the approximation which, as it turns

out, does not work] that the potential is deep enough for the wave function to not significantly leak out the

middle region. Then, the wave function with the lowest energy is ∼ cos
(
π
∆x
)
, for |x| ≤ ∆/2, and therefore

the corresponding eigen-energy E = −U + π2~2

2m∆2 . For a bound state, we require E < 0. The potential thus

supports a bound state if U > π2~2

2m∆2 .

2 Phys 500 material you may already know about

Question 4. What is a projector and what is a unitary operator? Which properties characterize them? Where are

they used in quantum mechanics?

Answer: Projectors P and unitaries U are linear operators. They are defined by the relations

U †U = I, and P 2 = P .
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Unitaries describe the evolution according to the Schrödinger equation, and projectors describe
quantum measurement.

Question 5. Do you know what a density operator/ matrix is? What is it good for? – Provide a simple example
for illustration of your point. Which general properties must every valid density operator satisfy?

What is an “entangled” state? How does it differ from an unentangled state?

Answer: The density operator ρ is a linear operator which generalizes the notion of the
“state vector” to describe probabilistic mixtures in QM. Expectation values of observables O
are computed as Tr(ρO). Example: Consider a fair coin. Once it settles, its density operator is
ρ = 1

2 (|heads〉〈heads|+ |tails〉〈tails|).
The important properties of density operators ρ are: ρ† = ρ, Trρ = 1, ρ > 0 (the last one

means that all eigenvalues of ρ are non-negative [they are real by the first property]).
Among the pure states on a combined system AB, a state |ψ〉AB is entangled if

|ψ〉AB 6= |φ〉A ⊗ |χ〉B, for any |φ〉, |χ〉.

For an unentangled pure state, the outcomes of measurements on the parts A, B are uncorrelated.
For entangled states, this is in general not the case. Furthermore, the correlations can be stronger
than classical.

Question 6. [Indistinguishable particles] (a) How are identical bosons and identical fermions different? What is
the Pauli exclusion principle? What is Bose-Einstein condensation?

(b) Consider a simple harmonic oscillator potential (1D) with eigen-energy spacing ~ω. What is the energy of
the lowest-lying energy-eigenstate of

(1) three identical bosons?

(2) three identical fermions of spin 1/2?

Answer: (a) Consider the states of two identical bosons and of two identical fermions. Under
the exchange of the two particles in the respective state, the fermion (boson) state acquires an
overall phase factor of −1 (+1). Pauli exclusion principle: As a consequence of the above exchange
property, two identical fermions cannot be in the same state. Bose-Einstein condensation: To the
contrary, bosons “like” to be in the same state. If a large number of bosons are trapped in some
potential, if the temperature is low enough, a large fraction of the bosons will settle into the ground
state.

(b) The energy eigenvalues of the simple harmonic oscillator are En = ~ω(n + 1/2) for all
n ∈ N. (1) The bosons can all go into the lowest 1-particle energy state. Hence the total energy

is E0,3B = 3/2 ~ω . (2) The fermions cannot all go into the 1-particle ground state because of

the Pauli exclusion principle. There are two states available at n = 0, due to the spin degree of

freedom. The third electron has to go into a state at n = 1. Hence E0,3F = 5/2 ~ω .
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