
Phys 500, Quantum Mechanics

Reference Solution • Midterm Exam • October 24, 2014

Problem 1: Quantum states.

(a) (4 points) Consider the linear operators ρi below in matrix representation, with respect to an or-
thonormal basis,

ρ1 ∼=
(

1/2 2/3
2/3 1/2

)
, ρ2 ∼=

(
1/2 i/2
−i/2 1/2

)
, ρ3 ∼=

(
2/3 1/2
1/2 2/3

)
, ρ4 ∼=

(
1/2 1/2
−1/2 1/2

)
.

Which of these operators, if any, is a valid density operator? Justify your answer. Among the
operators that are valid density operators, is there any that represents a pure state?

(b) (1 point) What is the Hilbert space dimension of a system of 10 spin-1/2 particles?
Remark: No degrees other than the particle’s spins are considered here.

Solution: (a)

• det ρ1 = 1/4− 4/9 < 0, hence one eigenvalue of ρ1 must be negative. Therefore, ρ1 is not a
density matrix.

• ρ2 is Hermitian, has unit trace, and eigenvalues {0, 1}. Hence it is a valid density matrix.
For the latter property, it is also a pure state.

• Tr ρ3 = 4/3 6= 1. Hence, ρ3 is not a density matrix.

• ρ4 is not Hermitian, hence not a valid density matrix.

(b) The dimension of this Hilbert space is 210 = 1024.

Marking: (a) 3/4 point for every correct classification of a matrix as valid/invalid density operator.
1 point for identifying the pure state.

Problem 2: Measurement and Schrödinger Evolution.

(a) (1 point) Write down the Schrödinger equation for quantum states. What does it describe?

(b) (1 point) What is the difference between the Schrödinger and the Heisenberg picture? How do the
predictions of the Schrödinger equation and the Heisenberg equation of motion compare?

(c) (1 points) What is the content of Ehrenfest’s Theorem?

(c) (1 point) What is the content of the Heisenberg uncertainty relation? Which fundamental principle
is it based on?

(e) (2 points) The Born rule says that in a measurement with outcome i, i ∈ {1, .., n}, the density
operator ρ of the measured quantum system is changed as follows:

outcome i : ρ −→ ρi =
PiρPi

Tr(Piρ)
,

where Pi is the projector corresponding to the outcome label i.

– Show that if ρ is a proper density operator then so is ρi

– What is the physical meaning of the constraint
∑n

i=1 Pi = I?
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Solution: (a) The Schrödinger equation (SE) governs the evolution of a quantum system whenever
it is not measured. It reads

i~
d

dt
|Ψ〉 = H|Ψ〉 .

Therein, H is the Hamiltonian, or, Hamilton operator. (The evolution according to the SE is
always unitary.)

(b) The difference is that in the Schrödinger picture states evolve and observables remain
constant, and in the Heisenberg picture observables evolve and states remain constant. Expectation
values of observables are the same in both pictures. (Note that to derive the Heisenberg equation
of motion, we required that [H(t), H(t′)] = 0 for all times t, t′. There was no such constraint for
the Schrödinger equation.)

(c) Ehrenfest’s theorem says that for a quantum-mechanical particle with mass m in a potential
V (x) it holds that

m
d2

dt2
〈x〉 = −〈∇V 〉.

In the limit of a narrowly peaked spatial wave function ψ(x) this reproduces Newton’s equation
of motion for the special case of a conservative force. It provides an example for how classical
mechanics arises as a limit of quantum mechanics.

(d) The Heisenberg uncertainty relation says that for no quantum state position and momentum
can simultaneously assume a sharp value. Specifically,

〈(∆P )2〉〈(∆X)2〉 ≥ ~2

4
.

It is based on the commutation relation between the position- and momentum operators which
shows that these operators are incompatible.

(e) We need to check trace, Hermiticity and positivity of the ρi.

• Trace:

Tr ρi := Tr

(
PiρPi

Tr(Piρ)

)
=

Tr(PiρPi)

Tr(Piρ)
=

Tr(P 2
i ρ)

Tr(Piρ)
=

Tr(Piρ)

Tr(Piρ)
= 1. (OK)

Therein, we have used the characteristic properties of projectors Pi = P 2
i = P †i . In the last

step, we assumed that Tr(Piρ) 6= 0 which physically means that the outcome i can occur.

• Hermiticity: (i) Tr(Piρ)∗ = Tr(ρ†P †i ) = Tr(ρPi) = Tr(Piρ). (ii) (PiρPi)
† = P †i ρ

†P †i = PiρPi.

Hence, ρ†i = ρi. (OK)

• Positivity: We assume that ρ is positive, i.e. 〈ψ|ρ|ψ〉 ≥ 0 for all |ψ〉. Then, 〈φ|(PiρPi)|φ〉 =

(〈φ|P †i )ρ(Pi|φ〉) ≥ 0. Also, Tr(Piρ) ≥ 0, and, if i occurs, Tr(Piρ) > 0. Hence, 〈φ|ρi|φ〉 ≥ 0
for all |φ〉. (OK)

+ The meaning of the constraint
∑n

i=1 Pi = I is that the probabilities pi = Tr(Piρ) of the
measurement outcomes i sum to unity. I.e., it is certain that one of the outcomes is observed.
Also correct: the operator constraint means conservation of probability in measurement.

Marking: (a and b) Comments in brackets are not required for marks. (a) If the Schrödinger wave
equation is stated instead, then no deduction, but note. (c) 1D version is fine. (e) 1/2 points for
each of the 3 items which need to be checked. 1/2 point for interpreting the projector constraint.

Problem 3: Entanglement.

(a) (2 points) Show that a bi-partite pure state |Ψ〉AB is entangled if and only if the von Neumann
entropy S(ρA) = −Tr(ρA ln ρA) of the reduced state ρA = TrA|Ψ〉AB〈Ψ| is greater than zero.
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(b) (2 points) Are the Bell states |Φ00〉 = |↑〉⊗|↑〉+|↓〉⊗|↓〉√
2

, |Φ01〉 = |↑〉⊗|↑〉−|↓〉⊗|↓〉√
2

entangled? Why?

Is the mixed state ρ = 1
2 (|Φ00〉〈Φ00|+ |Φ01〉〈Φ01|) entangled? Why?

Solution: (a) |Ψ〉AB unentangled ⇐⇒ |Ψ〉AB = |φ〉A ⊗ |ψ〉B ⇐⇒ ρA = |φ〉A〈φ| ⇐⇒ S(ρA) = 0.
Negation of this line of equivalences yields the statement.
(b) |Φ00〉 and |Φ01〉 are entangled. This follows e.g. by the entropy criterion just established. The
reduced density operator is I/2 in both cases, and thus S > 0. By explicit expansion,

ρ =
1

2
(| ↑〉〈↑ | ⊗ | ↑〉〈↑ |+ | ↓〉〈↓ | ⊗ | ↓〉〈↓ |) .

Hence, ρ is not entangled. To elaborate on that, the above state matches the definition of a
separable state (see the lecture notes on entanglement) and is thus, by definition, not entangled.

Note: The entropy criterion of part (a) of this problem does not apply to ρ because in (a) we
required the initial state to be pure, but ρ is mixed.

Marking: (a) If a solution along the lines displayed is pursued: 2 points for all three equivalences,
1 1/2 points for 2 of 3 equivalences, 1 point for 1 of 3 equivalences. (b) 1/2 points for each of the
Bell states, 1 point for the mixed state ρ.

Problem 4: Angular momentum. (1 point) In a suitable ONB, the z-component of the spin-1/2
operator is represented by the matrix

S1/2
z
∼=

~
2

(
1 0
0 −1

)
.

Write down in explicit matrix form (with respect to that basis) the operator corresponding to the rotation

about the z-axis by an angle α.

Solution: The rotation is Uz(α) = exp
(
−iα~S

1/2
z

)
. Hence,

Uz(α) ∼=
(
e−iα/2 0

0 eiα/2

)
.

Marking: 1 point for the boxed equation. 1/2 point deduction if the signs of the angle are equal.

Total: 16 points.
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