
Phys 500, Quantum Mechanics

Homework 5

Posted: Fri, Nov 21, 2014 • Due: Fri, Nov 28, 2014, 1PM.

Problem 1: Time-independent perturbation theory. (5 points) Consider the Hamil-
tonian H = H0 + λV of a two-state system
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eigenvalues to second order in λ. Then solve for the eigenvalues exactly, Taylor-expand in
λ up to second order, and compare.

Problem 2∗: Time-dependent perturbation theory. (5 points) Consider a two-level
system with E1 < E2. There is a time-dependent potential that connects the two levels as
follows:

V11 = V22 = 0, V12 = γeiωt, V21 = γe−iωt (γ real).

At time t = 0, it is known that only the lower level is populated—that is, c1(0) = 1,
c2(0) = 0.

(a) Find |c1(t)|2 and |c2(t)|2 for t > 0 by exactly solving the coupled differential equation

i~ċk =
2∑
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Vkne
iωkntcn, (k = 1, 2).

Remark: you find the solution in the Sakurai (Rabi’s formula), but to get the points,
you should provide key steps of the derivation.

(b) Do the same problem using time-dependent perturbation theory to lowest nonvanish-
ing order. Compare the two approaches for small values of γ. Treat the following two
cases separately: (i) ω very different from ω21 and (ii) ω close to ω21.

Problem 3: Identical particles. (5 points) [We will be discussing the Helium atom in
class on Wednesday, Nov 26] Discuss what would happen to a Helium atom if the electron
were a spinless boson. Be as quantitative as you can.

Problem 4: [OPTIONAL] (5 points) As we discussed in class, the state vector |ψ〉 of
a spin-1/2 particle does not map to itself under a rotation about an angle 2π, but rather
acquires a phase factor of −1. E.g.

exp
(
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)
|ψ〉 = −|ψ〉. (1)
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This phase has observable consequences and has indeed been observed in neutron inter-
ference experiments (c.f. Sakurai, p. 162,163). Now, the density operator |ψ〉〈ψ| corre-
sponding to the state vector |ψ〉 does not acquire any phase. Under the same rotation,
|ψ〉〈ψ| −→ |ψ〉〈ψ|.

Does this mean that the density operator |ψ〉〈ψ| contains less physically relevant infor-
mation than |ψ〉? If your answer is “yes”, then explain why the Born rule could nonetheless
be stated in terms of density operators. If your answer is “no”, then resolve the above
discrepancy.

Problem 5: [OPTIONAL]1 (5 points) Consider a quantum system which is prepared
in one of two fixed quantum states, namely |ψ1〉 = |0〉 or |ψ2〉 = (|0〉 + |1〉)/

√
2, with

〈0|1〉 = 0. Is there a measurement that identifies the state, without ever reporting an
erroneous outcome?

This cannot be done by a projective measurement, because |ψ1〉 and |ψ2〉 are not orthog-
onal. However, it can be done by a generalized measurement! The catch is that there will
be a third outcome, “don’t know”.

Here is a sketch of how the generalized measurement works: choose A1 = c |1〉〈1|, A2 =
c|−〉〈−|, for a suitable c ∈ C and |−〉 = (|0〉 − |1〉)/

√
2, and A3 such that A†1A1 + A†2A2 +

A†3A3 = I. Then, if |0〉 is prepared, the outcome 1 can never occur. Hence, if the outcome
1 is found, the prepared state must have been |+〉. Likewise, if the outcome 2 is found then
the prepared state must have been |0〉.

Fill in the details of the above generalized measurement that reliably distinguishes be-
tween |0〉 and |+〉. In particular, what is the minimal probability of obtaining the “don’t
know” outcome? (Optimize over the available strategies)

Total: 15 points + 10 EXTRA points.

1This problem requires background from Section 2.2.2 “Generalized measurements” of the lecture notes,
which was assigned as optional reading.
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