
Phys 500, Quantum Mechanics

Homework 3

Posted: Sun, October 12, 2014 • Due: Wed, October 22, 2014, 1PM.

Problem 1. (3 points) Consider the density operator ρE , specified by an ensemble E =
{(pi, |ψi〉), i = 1, .., n}, namely ρE =

∑n
i=1 pi|ψi〉〈ψi|. Show that every such ρE has the

following three properties:

1. Hermiticity: ρ† = ρ.

2. Normalization: Tr ρ = 1.

3. Non-negativity: 〈φ|ρ|φ〉 ≥ 0, ∀ |φ〉 ∈ H.

Problem 2. (5 points) Given a density operator ρ in HS, what is the minimal dimension
of the auxiliary Hilbert space HE such that a purification of ρ can live in HS⊗HE? (Recall
that the ensemble interpretations of any given density operator are not unique.)

Problem 3. (5 points) Consider a tensor product Hilbert space HAB = C2 ⊗ C2, with a
basis {|0〉, |1〉} on each tensor factor. Are the states
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entangled or unentangled? Justify your answer.

Problem 4. (5 points) Devise a teleportation protocol for a 3-level system (=spin 1).
Specifically,

• Which quantum state can be used to take on the role of the Bell state in this scenario?

• Which basis can the sender A use to measure in?

• What are the correction operations of the receiving party B, depending on the mea-
surement outcome at A?

Problem 5. (7 points) Consider a star-like network of spins 1/2 where the central spin forms
the system and the lateral spins the environment. There are N spins in the environment,
and the interaction between system S and environment E is of Ising type, i.e. HSE =∑

k=1..N Jk/~2 (Ŝz)S(Ŝz)E,k. The initial state is |+〉S⊗|+〉E,1⊗|+〉E,2⊗ ..⊗|+〉E,N (all spins
point in the positive x-direction).
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(a) Consider the special case where there is only a single spin-1/2 in the environment,
N = 1. Plot the von Neumann entropy S = −Tr ρS(t) log ρS(t) of ρS(t) vs the time t.
What is your interpretation of the plot?

(b) Now consider the of larger number N of spins system in the environment, N = 2..10.
The coupling strengths Jk are all different, namely JS,k = J/

√
k. Again plot the von

Neuman entropy of ρS(t) vs t. What changes as N is increased?

(c) Do the same as in (b), but with couplings Jk = J/k. What changes in your plot and
what remains the same? Can you explain this?

Total: 25 points.
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