
Phys 500, Quantum Mechanics

Homework 1

Posted: Wed, September 17, 2014 • Due: Fri, September 26, 2014, 1PM.

Problem 1 (5 points): In class we introduced the Hermitian adjoint X† of an operator X
through the dual correspondence

X|α〉 ←→ 〈α|X†, ∀ |α〉 ∈ H. (1)

Denote by [X] the matrix corresponding to the operator X in some ONB B, i.e. [X]ij =
〈ai|X|aj〉 for |ai〉, |aj〉 ∈ B.

(a) Show that for the matrix representation [X] of a linear operator X, taking the Her-
mitian adjoint according to Eq. (1) amounts to the familiar Hermitian transpose, i.e.,
[X†]kl = ([X]lk)∗.

(b) Show explicitly that taking the Hermitian adjoint of an operator X in some matrix
representation [X] is basis-independent. That is, consider the transformation of [X]
from one ONB to another, and demonstrate that (i) first taking the Hermitian trans-
pose and then transforming to the other ONB and (ii) first transforming to the other
ONB and then taking the Hermitian transpose yield the same result.

(c) Likewise, show that taking products of operators in some matrix representation cor-
responding to an ONB is basis-independent.

Problem 2 (5 points): The Hamiltonian operator for a 2-state system is given by

H = a (|1〉〈1| − |2〉〈2|+ |1〉〈2|+ |2〉〈1|) , (2)

where a is a constant with the dimension of energy, and the kets |1〉 and |2〉 form an
orthonormal basis. Find the energy eigenvalues and the corresponding eigenkets, as linear
combinations of |1〉 and |2〉.
Problem 3. (5 points) The Pauli matrices σx, σy and σz are 2 × 2-matrices defined as
follows

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (3)

Consider a vector n = (nx, ny, nz)
T of unit length, and n · ~σ := nxσx + nyσy + nzσz. Are

there r ∈ R such that

O =
I + rn · ~σ

2

is a projector?
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Background: The Pauli matrices describe spin-1/2 particles in a specific basis. Identify the
eigenstates of Sz with two-component vectors as follows

|z,+〉 ∼= (1 0)T , |z,−〉 ∼= (0 1)T , (4)

This induces matrix representations for the operators Sx, Sy, Sz, namely:

Sx ∼=
~
2
σx, Sy ∼=

~
2
σy, Sz =

~
2
σz. (5)

Problem 4. (5 points) Consider a spin-1 particle which can assume the states

|+〉 := |s = 1, sz = 1〉, |0〉 := |s = 1, sz = 0〉, |−〉 := |s = 1, sz = −1〉, (6)

and any linear combination thereof. The Sz-operator for this system is Sz = ~(|+〉〈+| −
|−〉〈−|. Consider the sequential measurement of the operator (Sz)

2 (first) and Sz (second)
upon the initial state

|ψ〉 =
|+〉+ |0〉+ |−〉√

3
.

(a) What are the possible measurement outcomes of (Sz)
2 and the probabilities of obtain-

ing them?

(b) What are the possible measurement outcomes for Sz in the second measurement,
and the conditional probabilities for obtaining them? (The outcome probabilities are
conditioned upon the outcome of the first measurement.)

Problem 5 (5 points): A spin 1/2 system is known to be in an eigenstate of S · n with
eigenvalue ~/2. The unit vector n lies in the xz-plane at an angle φ with the positive z-axis,
i.e. S · n = nx(φ)Sx + nz(φ)Sz. Furthermore, the angle φ is oriented such that for φ = π/2,
S · n = Sx.

(a) Suppose Sx is measured. What is the probability for finding +~/2?

(b) Evaluate the dispersion in Sx, that is, 〈(Sx − 〈Sx〉)2〉. Check your answers for the
special cases of φ = 0, φ = π/2 and φ = π.

Problem 6 (5 points). A beam of spin 1/2 atoms goes through a series of Stern-Gerlach-
type measurements as follows:

(a) The first measurement accepts sz = ~/2 atoms and blocks sz = −~/2 atoms.

(b) The second measurement accepts sn = ~/2 atoms and blocks sn = −~/2 atoms, where
n is a unit vector lying in the xz-plane, at an angle β with the positive z-axis.

(c) The third measurement accepts sz = −~/2 atoms and blocks sz = ~/2 atoms.

What is the intensity of the final sz = −~/2 beam when the sz = ~/2 beam surviving the
first measurement is normalized to unity? How must the second apparatus be oriented (i)
to maximize, and (ii) to minimize the intensity of the final sz = −~/2 beam?

Problem 7 (5 points). (Continuation from class) We noted the Born rule for measurement
for the general (potentially degenerate) case. If Pa is the projector on the subspace corre-
sponding to the measurement outcome a for the observable A, then the probability p(a) for
obtaining the outcome a given the quantum state |Ψ〉 is

p(a) = 〈Ψ|Pa|Ψ〉.
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Show that p(a) ∈ R and p(a) ≥ 0 for all possible measurement outcomes a, and that∑
a p(a) = 1.

Total: 35 points.
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