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Preface

The six volumes of notes Quannm Leaps and Bounds (QLB) form the basis

of the introductory graduaæ quantum mechanics course I have given in the

Department of Physics at the University of British Columbia at va¡ious times
since 1973.

The six volumes of Ql,B are

. Inl.roductttr¡- Titpícs: a collection of miscellaneous topics in introductory
quantum mechanics

. Scatrering Theory', an introduction to the basic ideas of quantum scattering
theory by considering the scattering of a relativistic spinless particle from a
fixed tiÌrget

. Quantum M echanics in Fock Space: an introduction to the second-quantization

description of non¡elativisúc maly-body systems

. Relarivistic Quantum Mechanics: a¡ introduction to incorporating special
relativity in quantum mechanics

. Sotnr L<¡rentz Invariant Systems some examples of systems incorporating
special relativity in quantum mecha¡ics

. Ã(IL| V(STIC VUAnrUm rtetA r neLrry: ut Ë¡trru9nutly ur[uuuuuur¡ ru lflE rErauYrJ-

tic quantum field theory of spinless bosons, spin ] fennions and antifermions
and to quantum electrodynamics, the relativistic quantum field theory of elec-

trons, positrons and photons

pLB assumes no familiarity with relativistic quantum mechanics. It does

assume that students have taken undergraduate courses in non¡elativistic quantum

mechanics which include discussion of the non¡elativistic Schrodinger equation

a¡d the solutions of some stânda¡d problems (e.g., the one-dimensional harmonic

oscillator and the hydrogen atom) ar¡d perturbation theory and other apprcximation



methods.

plB assumes a-lso that students will take other $aduate courses in condensed

matter physics, nuclear and particle physics and ¡elativistic quantum ûeld theory.
Accordin_ely, our purpose n QLB is to introduce some basic ideas and for¡nalism
and thereby give students suf6cient background to ¡ead the many excellent texts
on these subjects.

I am happy to have this opportunity to ttra¡k my friends and colleagues

R. Ba¡rie, M. Bloom, J. Feldman, D.H. Heam, W.W. Hsieh, R.I.G. Hughes,

F.A. Kaempffer, P.A. Kalyniak, R.H. Landau, E.L. Lomon, A.H. Monahan, W.
Opechowski. M.H.L. Pryce, A. Raskin, P. Rastall, L. Rosen, L. Sobrino, F.

Tabakin, A.W. Thomas, E.w. Vogt and G.M. Volkoff for sharing their knowledge

of quartum mecha¡ics with me.

I also thank my wife, Hen¡ietta, for suggesting the ttle for these volumes

of notes. Quite correctly, she found my working ¡tle Elcments of Intermediate

Quanntm Mechanícs a bore.
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Chapter 1 ¡NTRODUCTORY REMARKS

This volume of plJ gives an introduction to the second-quantization de-
scription of non¡elativistic many-body systems. This description is the standa¡d
language of condensed matter physics and of low-energy nuclear physics.

The quantum mechanics of a system of identical particles is conside¡ed in
Chapter 2 and occupation number representation for systems of fermions and
bosons is discussed in Chapter 3.

The Fock space description of a system of identical fermions is given in Chap-
te¡s 4 and 5. Chapter 4 contai¡s a derivation of the Ha¡tree-Fock poæntial and
a description of correlated particle-hole søtes of an r¿-fermion system. Quantum
fields for fermions a¡e introduced in Chapter 5.

The Fock space description of the quantum mechanics of a system of identical
bosons is given in Chapter 6. Quartum fields for bosons a¡e introduced i¡ this
ch apter.

A sys^tem of fermions ard bosons in inte¡action is conside¡ed in Chapter
7. This chapter includes the dressing transfo¡mation method for expressing the
Hamiltoniar of the system in te¡ms of ope¡ators for physical particles. The
'v'ukawa poændai for interacting physicai fermions is <ierive<j using the <iressing
û'ansformation method.

Appendices A and B contain a description of a system of two and th¡ee
distinguishable particles, ¡espectively, and Appendix C contai¡s some useful
commutation ¡elations for fermion and boson va¡iables.

The volume concludes with lisa of selected teference books, joumal articles
and theses.





Chapter 2 n-PARTICLE SYSTEM

ln this chapær we desc¡ibe some âspects of the quantum mechanics of a

system of n particles.l

A system of n distinguishable particles is conside¡ed i¡ Section 2.1 and system
of rr indistinguishable (or identical) particles is consided in Section 2.2. An
important feature of indistinguishabilty of particles is that it places restrictions on
the form of the observables of the system and on symmetry properties of stâtes
of the system.

2.1 n distinguishable particles

Fundamental dynamical variables

We consider a physical system of n distinguishable particles with rest masses

ïnl.'n¿2) ...)fllù (2.1)

and spins

S1, 52, ..., -sr¿ (2.2)

The Hilbert space ù¡Û 
s2 s" for the system is the di¡ect product of n one-

prnicle Hilbert spaces. That is,

' Tbe quantum mecbanics of a Lorentz ilvariaDt syster¡ of ¿ distiDguisbabÌe particles i¡ interactio¡ is
discussed in more deta¡l iD QLB: Soñe Lorcùtz ltvariant Slstems.



{r;rsr" s. : {.i' A,{.,i, E)...Ø,{..ì" (2.3)

,I.f" denotes the Hilbert space for particle cv and I denoæs direct product.

The fundamental dynamical va¡iables of the sysæm are the Ca¡tesian coordi-
nates, momenta and spin of the irdividual particles

where j : 1.2,3. These variables satisfy

Þ,rt] : iñ.6oBe j*tst"

t - '.2(.9") = s,(so!7)k"

(2.8)

(2.e)

(2.4',)

[x¿,x]l :o

[r¿, rþ] -- o

[ -,; -¡]
L í,,fp): ztlÒnpÒjk

(2-s)

(2.6)

\¿.r)



["¿,"Ë] : ["¿,r]] :o (2.10)

where a, /J -- 7,2, . . . ,n

Components of a state

The set of r¿! permutations of the n particles in the sysæm form the symmetric

group ,5',,. Each permutation can be regarded as the product of one or mo¡e

transpositions (or interchanges) of two particles.l

We list some properties of permutation oPerators for the sysæm. Details fo¡
two- and three-body systems are given in Appendices A and B.

l. Transposition operators

One can construct transposition operators

fl.rÉ (2. r 1)

which correspond to transpositions of panicles in the system. IIop corresponds

to the replacement

ü*tp Q.12\

in any function of the fundamental dynamical variabies where

I See, for example. Tung (1985) for detai.ls about S"



{" = {i",F",S"} (2.13)

Thus, for example

ITop**[t^u - iu (2.14)

2- Permutation

One ca¡ construct pennutation operators IIr,IIz,...,II¿r corresponding to
peÍnutations of the particles in the sysæm.

Each permutation operator can be written as a product of one or mo¡e
transposition operators.

3. Slmmet.ric, antisymmetric and mixed components of a state

It follows fiom properties of ,9,, that every state | l, > of the system can

be written as

l rþ >:l rþ, > + l rþ" > * I tþ* > (2.ts)



nlú">-+11þ">

fr"t¡ l rþ" >: - I ?þ" >

(2.16)

(2.17)

where fl is any permutation operato¡ and IIop is any transposition operator.

I tj:" >,1tL,to > Md l rþ^ > are mutually orthogonal and are, respectively, the
symmetric, â¡tisymmetric a¡d mixed components of I ,þ >.

2.2 n idenlical particles

In this sectìon we consider a system of n indistinguishable (identical) particles.
For such a system there is no observable change when panicles are interchanged.

The¡e a¡e two consequences of indistinguishability which are treared sepa-
rately below.

Invariance of observables

The first consequence of indistinguishabiiity (Consequence 1) is:

Invariance of observables

Every observable of the sysæm is invariant
under all permutâtions of the particles.



P¡oof of Consequence 1

Indistinguishability of all particles of the system implies that

1,þp",* I A l rþ0",^ >:< rþ I A l rþ > (2.18)

fìr' all obse¡vables ,4 and states I ry' > where

l,bp",* ): n I ,, > (2.19)

where ll is any permutation operator for the system.

It follows from (2.18) and (2.19) that

\\A]TI : A (2.20)

fir¡:ill ,,l: (2.2C1) is Consequence 1.

Consequences of Consequence I

l. Values of rest mass and spin

It follows from Consequence I that all n particles have the same rest mass

??r and same spin s.

2. Hilbert space



It follows from Consequence I that the Hilbert space ,{<; for the sysæm
consists of n copies of a one-particle Flilbert space.

'¡l; : llï S,F,ï s ...Ø '¡ï (2.21)

We write (2.21) more compactly as

ti,: ø"*Ï (2.22)

Symmetry of states

The second consequence of indistinguishability (Consequence 2) is

Symmetry of states

The states of the system are eithe¡ all symmetrica-l or all
antisymmetrical with respect to inærchange of any two

particles, this property depending upon ttre species of particle.

Proof of Consequence 2

It foilows f¡om (2.18) that no experiment can determj¡e whethe¡ the system
is in the state | / > o¡ the state I tþ¡o,r" > where

ll



l1þtou, ): il"p l rþ > (2.23)

where IIop is any transposition ope¡ator for the sysæm. The vectors l rþr,o,,, >
and | 1ó > therefore correspond to the same ray in 'I.,1,. That is,

I ,þto,,r" ): 
"i6 I ,þ > (2.24)

whele ó is a real number.

It follows f¡om (2.i5) to (2.17) ¡hat

I l;t,ou" >:l ,þ" > - l rÞo > +IJ.U 1r¡* s (2.2s)

Therefo¡e, in order to satisfy (2.24), either

i,þ >:i',þ' > (2.26)

in which case e'ò : +i and | 1þho,"" ): * | r/ >, o¡

l rþ >:l rþ" > (2.27)

in which case .ió : -1 and | 1þ¿,o,"" ): - l rþ > .



That is, the states of the system a¡e eithe¡ all symmetrical or all antisymmetrical,
which is Consequence 2.

Comments about Consequence 2

I . Classical Mechanics

Consequence 2 has no analog in Classical Mechanics.

2. Bosons and fermions

Pa¡ticles whose many-particle states are symmetric are called bosons.

Pa¡ticles whose many-particle stâtes are a¡tisymmetric a¡e called fermions.

3. Statistics and spin

Experiment shows that

Bosons have inægral spin.

Fermions have half-odd integral spin.

The correspondence between the symmetry of many-particle states and the
intrinsic spin of the constituent particles is a rema¡kable experimental fact.

4. Spin-Statistics Theorem

The above correspondence has been proven in the context of Relativistic
Quantum Field Theory (Spin-Søtistics Theorem; Pauli (1940)).

t3



5. Boson and fermion Hilbert spaces

Consequence 2 restricts the Hilbert space of the sysæm.

The n-boson Hilbert space ò'{.1, is the subspace of 'I,; spanned by symmetric
basis vecto¡s.

The r¿-fermion Hilben space /,¡'.1, is the subspace of Èri spanned by antisl,rn-
metric basis vecto¡s.

We wriæ symbolically

uxå:s'Få:sØ"'li

/*,",-q'F;:AF"'lì

(2.28)

(2.29)



Ghapter 3 OCCUPATION NUMBER
REPRESENTATION

ln this chapær we construct basis vectors for a sysæm of identical ferrnions

and for a system of identical bosons. We need not specify details of the feÍnion
o¡ boson system under consideration.

The fermion system may, for example, be:

. eiectrons bound to a single atom

. conduction electrons in a metal

. nucleons in an atomic nucleus

. quarks in a nucieon

Wliatever the system, each fermion has half-odd inægral spin and all states of the

system are antisymmetric under interchânge of any two particles.

The boson system may, for era-mple, be:

. photons characærizing an electromagnetic field

. nhonons eharaeterizing the lattice vibrations of a crystal

. pions or kaons c¡eated in collisions of nuclea¡ ptojectiles

. gluons i¡ nuclea¡ matter

Whatever the sysæm, each boson has inægral spin and all staæs of the sysæm

are symmetric under under inærchange of any two particles.

ln view of the symmetry requirement on the st¿tes of the sysæm, the basis

vectors we construct will be labelled by specifying which single-particle states a¡e

t5



occupied. We thus construct the occupation number replesenøtion fo¡ fer¡nion
and boson systems.

Secti<rns 3.1,3.2 and 3.3 give, respectively, basis vecto¡s for a system of rr

identical fermions, n identical bosons and n identicai fermions with n'identical
bosons.

3.1 System of ¡dent¡cal fermions

In this section we construct a set of basis vecto¡s for a system of n identical
fèr'mions.

Basis vectors for the one-fermion system

Í,el

lö,ì (3.1)

whele r' : 1.2....,oo be a complete orthonormal set of vectors spanning the

Hilben space '¡.l for fermion a. That is,

where 1,, is the unit operator in the one-particle space fo¡ fermion numbe¡ a.

f I d" t. ó, l:1"

<ö, 1þ">:5,'o(r

(3.2)

(3.3)

l6



Comments

L Notation: subscript c¡

The subscript a on | /, > and 1o has been added to serve as a rcminder that
d

the vectors and operators a¡e i¡ the Hilbert space t{.,rf for fennion number a.

2. Denumerable set of basis vectors

It is convenient to use a denume¡able set of vecto¡s to span the one-fermion
Hilbert space.

We use coordinate/spin kets I im" >, momentum/spir kets | 1nz, > and

momentum/helicity kets I h^ (Ð > in Chapær 5 to span the one-fermion
HiÌbert space. These kets, which are also a¡e discussed ín QLB: Some Inrentz
InvarianÍ Systems, a¡e each labelled by a continuous variable.

3. Example of basis vectors

The | ç;, > may, for example, be chosen to be the simultaneous eigenvectors

of the Hamiltonian for a th¡ee-dimensional non¡elativistic harmonic oscillatot
z -l?and of f ./l and Jr whe¡e J: X x P *,9 whe¡e X, P and 5 are the\./

Cartesian position, momentum and spin of the particle.l

/ =,\2The eigenvalue of | 5 | is s(s _ì- f)ñ.' where .s ls a hall-odd rnteger. .s ls the" \./
intrinsic spin of the elementary fer¡nion.

4. General one-fermion state

The general one-fermion stâte at time i is

) Tbe I d. ) may also be simultaDeous eigebveators of tbe i¡æmal variables charge, baryon numbe¡,

leptoD DuEber, isospi-n, strangeness and cha¡m, l e ¡eed uot sPeciJy tbese vaÍiables here.

t7



I 'i 
(r) ì= 1,,p,{t) I ó,

r=l
(3.4)

and

,þ,(t) :< ö, I tl'(t) >dat
(3.s)

is the probability ampütude thar the fermion is in the sr¿te I d, > at time ¿.

Basis vectors for the n-fermion system

The z-particle Hilbert space {..ri is a tensor producr (2.22) of n identical
spaces. When .s is a half-odd integer, it is spanned by vectors of the form

I l,-'>l ,A >...l,Á- -'
I Yr -.1t Y5 -2 t ro -r,

l? Á\

where particle I is in single-particle state I d" >, pa¡ticle 2 is in single-panicle
state | ç4s > and panicte n is in single-panicle staæ | /¿ >.

The ¡¿-fermion Hilbert space f Aí, Q.zg) is spanned by antisymmetric com-
binations of vectors of the fon¡ (3.6). That is, /*i is spanned by vectors of
the form

l8



(3.7)

ló,>
t¿

ld" >
t¿

lóu>
t¿

|,, \,,1,,2 ) 7: {*)* .", 
I 

i i' i 
"ï 

i
ltø'; lö,>

where

?'<-s<'..<f (3.8)

and where det denotes determina¡t.

Comments

l. Notation: subscript n

The s¡hscrinf n nn I¡{¡,n"...-l "' in l? ?l hec hee¡ ¡¡lde¡l fô aêrvê âs âr ; -'\-"'
reminder that the vector is in t*i.

2. Slater determinant

(3.7) is a Slater determinant.

3. Manifest antisymmetry

(3.7) is manifestly antisymmetric under particle inærchange because the value
of a determinant changes sign when âny two columns are inærchanged.



4. Occupied states

The set of single-particle labels r,s,...,¿ tells which single-particle states
are occupied.

Because of the antisymmet¡izing, one cannot specify which particle occupies
which state.

5. Pauli Exclmion Principle

Since a determinant vanishes if all elements of one ¡ow âre equal to all
eler¡ents of another row, that is, if two o¡ more of r, s, . . . , ¿ are equal, it
folkrws that no two fermions can occupy the same single-particle state.

This is the Pauli Exclusion Principle.

ó. Occupation numbers

Let n" be the number of particles occupying the single-particle state I d" >.
Then

r¿r:0or1 (3.e)

mC

Ë,":, (3.10)

ir, is the occupation numbe¡ for the single-particle staæ | /" >.

20



(3.7) is labelled by the occupation numbe¡s ,t:'i )n2,....

?. Basis for the n-fermion Hilbert space

The set of vectors (3.7) is a¡ orthononnal bæis fo¡ f¡,". That isJ

r
| ¡rr1rr,n,'..) >< rtltt1n2. "i l= t,

Í11112".

(3.1r)

lll
\- - \- \-... ¡¿._ _ z--- z_ v111r,

tlrÍt2... t¿t =0 t¿2=0

(3.12)

whe¡e

,,' = \-rr,ZrJ (3. r 3)

Furthermore,

< n{n1n2-..} | nþt'1n!2 .} ;: 6,,,,,\6,,,,,, ... (3.14)

The subscript ?¿ oD I, bas be added to serve as a ¡emi¡der thal the unil operaûor is i.D tÌ¡;

21



The representation provided by the set ofvectors (3.7) is called the occupation
number representation fo¡ the n-fermion system.

8. General n-fermion state

The general r¿-fermion state has the form2

f
I ?,1'(r) >: | ¡ n1rr1rr2....} >< n{n4'r2...} I '/(f) > (3.15)
' ¡, /----r I

1LtrL2..

< n{n1n2...} | 'l(l) ì (3. i 6)

is the probability amplìtude at time t that rz1 fermions occupy the single-
particle state I dl >, and z2 fermions occupy the single-particle stÃtl | ö2 >,
and so on.

3.2 System of identical bosons

ln this section we construct a set of basis vectors for a system of n identical
bosons. The boson system is treated analogously to the treatmsnt of the fermion
system in Section 3.1.

: Tbe subscript n on I r/(l) > has be added to serve as a ¡emi¡de¡ that the vertor is in l'!f,.

and

22



Basis vectors for the one-boson system

Let

where r' : 1,,2. . . . be a complete orthonormal set of vectors spanning the Hi-lbert
spaee ,¡i for boson o. That is,

Comments

I . Example of basis vectors

The | þ, > may, for example, be chosen to be the simulta¡eous eigenvectors
of the Hamiltonian for a thee-dimensional non¡elativistic harr¡onic oscillato¡t -¡2 

--' /-:\2 --
and of (J ) and J3 where the eigenvatue of l,í)- is s(s * l)fi.2 whe¡e -" is\ / \-/ --'
an integer. .s is the intrinsic spin of the elementa4r boson.l

Tbe I p, > may also be si.EultaEeous eigenve.ctors of tbe iDþ¡Þat variables cha¡.ge, baryon oumber,
leptoE Dumber, isospi¡, strangetress a¡d cba¡m. .As iD tbe ferEio! case i¡ Section 3.1, we Deed Eot
specify tbese va¡iables he¡e.

lþ,ì (3. r 7)

I I d" t. tl, l:ln

< í1, | þ, >- 6,"
ad

(3.18)

(3.19)

1a



2. General one-boson state

The general one-boson st¿te at time f is

(x)

l,þØ >-T.,þ,(t) I p"
r=1

ß.20')

where

,þ,(t) :< p, l rþ(t) >
tld

(3.21)

is the probability amplitude rhar the boson is in the søte lp" > at time ¿.

Basis vectors for the n-boson system

The n-particle Hilbert space *i is a tenso¡ product (2.22) of n identicai
sp:rces. When s is an integer, it is spanned by vectors of the fo¡m

l {t, ìl p" >r ... 1& > (3.22)

where particle I is in single-particle state I B, >, pattrcle 2 is in single-particle
state I p" > and particle n is in single-particle staæ | p¿ >.

The r¿-boson Hilbert space b*i 
Q.28) is spanned by symmetric combinations

of vectors of the form (3.22).'Ihat is, ö'Fi is spanned by vectors of the form



lþ,ì
lp">

2

;

t&7

vyhe¡e

r'(.s(...(f (3.24)

and where .surn det denotes a deterrnina¡t which has plus signs in its definition
¡athe¡ than minus signs.

Comments

I . Notation

We use a slight difference in not¿tion to denote z-fermion and n_boson basis
vectors:

The lefÌ side of (3.7) has {...} a¡d the left side of (3.23) has [...].

This notation anúcipates anticommutâto¡s fo¡ a fennion system in Chapters 4
and 5 and commutators for a boson system in Chapær 6.

2. Manifest stmmetry

(3.23) is manifestly symmetric under panicle interchange.

25



3. Occupied- ¡lþlqs

The set of single-particle labels r,s,...,t tells which single-particle st¿tes

are occupied.

Because of the symmetrizing, one cannot specify which particle occupies
which state.

4. No Pauli Exclusion Principle

There is no Pauli Exclusion Principle for a sysæm of identical bosons because
,sur¡ det does not vanish if all elements of one ¡ow are equal to all elements
of another row, that is, if two o¡ mo¡e of r', s, . . . , f are equal,

5. Occupation numbers

Let n, be the number of particles occupying the single-particle state I B" >.
Then

o!n,!n (3.2s)

¿¡d

Ð", = '¡1. (3.26)

rr, is the occupation number for the sirgle-particle state I B, >.

(3.23) is labelled by the occupation numbers rLltTL2t.. .



In contradistinction to the fermion case, all bosons may occupy one single-particle
state.

6. Basis for the n-boson Hilbert space

The set of vectors (3.23) is orthononnal and spans ò'1,",. That is,

b

| ¡ n¡r,r, ...)>< nln¡,2...1 l= I,
?¿l t¡2...

(3.27)

bnù

Ð: DÐ o*,,
1L)rl2 . t¿l =0 t¿2:0

(3.28)

,r' -= 5- rr,
j=1

(3.2e)

Fu¡thermore,

(3.30)



The representation provided by the set of vecto¡s (3.23) is called the occupa-
tion numbe¡ represgnt¿tion for the z-boson system.

7. General ¡¿-boson state

The general r¿-boson st¿te has the form

ò

I c'{?) >: )- I ,fu,,,,...l ><
1) 

- 
' 't¡ t¡.

117t12..

nlr4n2...Jl,l'(Ð ¡ (3.31)

where

< nln1n2 ' . .l I 'i (¿) ì (3.32)

is the probability amplitude at time t that rz1 bosons occupy the single-particle
state | /31 ), and rr2 bosons occupy the single-particle state i É2 >, and so on.

3.3 System of identiea! fermions and bosons

The Hilbert space

¡bxif,,' (3.33)

for a system of r¿ identical fermions each with spin s and nr identica.l bosons
e¿rch with spin .s' is the direct product of the n-ferrnion and zt-boson Hilbert
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spaces. Thar is,

¡å*i.i,,=t*;ø¿*;i (3.34)

/'*;,,';,, ¡ spanned by vecrors of the form

(3.35)

where I rr{rr¡rr2 ..} > ir the Slate¡ dererminant (3.7) and I ntþl.,ntr...l > is
the symmetric determinant (3.23).





Chapter 4 FOCK SPACE FOR
FERMIONS: PART 1

So fa¡ in QLII: Suantum Mechanics in Fock Space we have conside¡ed the
total number of particles in a system to be fixed. We now drop this restriction a¡d
conside¡ a larger system with an unspeci6ed numbe¡ of panicles. This is handled
mathematically by considering the Hilbert space for rhe system to be Fock space.

Fock space is the natu¡al mathematical ¿¡ena fo¡ accommodating particle
creation and annihilation, that is, for allowing the conversion of energy to mass

and vic¿ v¿rsa which is allowed by relativistic quântum mechanics.

It is not necessâry to use Fock space to desc¡ibe a fermion system because
it is an experimental fact that every fermion system has a definite numbe¡ of
fermions. We will see, however, that using Fcck space allows an elegant and

intuitjve reformulation of the quantum mecha¡ics of an r¿-ferrnion system. This
refo¡mulation (second quantization) is the standard language of nonrelativistic
condensed matter physics and low-energy nuclear physics. Fock space for a
system of fèrmions is the subject of this and the next chapter.

Fock space for fermions is defined i¡ Section 4.1 and creation and annihilation
opelamrs for fermions a¡e defined i¡ Section 4.2. These ope¡ators a¡e defined in
r^*^ ..f ^ ,l^-,,-^-^Ll^ -^+ ^4.,^^+^-^ ..,L:^L ¡^- ^- ^JL^-^-^r L^^:- a^- 4L^Lgrrut (rr 4 uguulrrg¡¿u¡ç ù9L ut vççt\r-t ù wltlult lll¡u d¡r u¡L¡¡u¡¡uttu¿¡_l u¿1ùls ll,l l c
one-fermion system. Creation and annihilation operators which a¡e labelled by a
continuous va¡iable are defined in Chapær 5.

General expressions for observables in terms of creation and annihilation
operators are given in Sections 4.3 and 4.4.

The Fock space expression for the Hamiltonian for a system of fermions with
two-body interactions is given in Section 4.5. The independent-panicle model
a¡d the Ha¡tree-Fock potential a¡e discussed in Section 4.6.
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Hole c¡eation and annihilation operators and particle-hole stâtes of an n-
fermion system a¡e discussed in Section 4.7. Correlaæd particle-hole pairs and a

correlated-pair model of an n-fennion system are discussed in Section 4.8.

Derivations of some results are given in Section 4.9.

4.1 Fermion Fock space defined

l. Let
,lt: (rþ¡,rh,..' .,tþ,,,.. ') (4.1)

u,here ú,, is a vector i¡ n-fennion Hilben space f ti Q.2Ð.1

Each r.i',¡ is of the form (3.15). rf,, is the component of ry' in f*i.

2. Addition of y'r and X : (X0,X1,. -.,X*t." ) is defined as

d,+X: (4,olXo,rl¡*Xr,'..,,rþ,,*X,",...) (4.2)

3. Multiplication of y'r by a scala¡ ¿ is defined as

aþ : (atþs,aþ1,'" ,a1þu,"') (4.3)

4. The scal¿Lr product of ,þ urd X is defined as

þþ,x):l{,Þ*,x,,)
¿=0

It is required that (r/,r/) < oo for all ry'.

5. The set of elemenLs ry' is a separable Hilbert space.

(4.4)

' ,*å ir de6nel i¡ item 5 of the co¡fl¡eD¡s list



Comments

l. Fermion Fock snace /rl"

The above Hilbert space is called fer¡nion Fock space. It is denoæd by f,I., .

/,I." is the direct sum of the Hilbe¡t spaces f,¡i (2.29) fot all z. That is,

f,f,' : /*å O t*í ,Ð...e t*i, et... (4.5)

where 
'"a; denoæs direct sum.

2. States of the system

The unit norrn vectors (4.1) i¡ /¡," correspond to stâtes of the sysæm.

The probability P,, that fhe system has n fermions in it is

P,, =< tþu I 1þu > (4.6)

I¿,: t (4.7)

3. Components of dr



It is an experimental fact that every fermion system has a deûnite numbe¡
of fermions. Accordingly, ry' can have only one nonzero component. For
example,

(4.8)

Boson Fock space ö¡," is constructed in Chapær 6 analogously to the con-
structitln ¡¡ /r¡,"- $¡ates i¡ ò4" gan have mo¡e than one nonzero component.

4. Hilbert space,F,_1

The Hilbe¡t space >I¡2*3 deâned i¡ QLB: Sone Inrentz Invariant Srstem.s
Chapter ó to describe the 2 ++ 3 particle system is the analog of Fock space
for that system.

5. Hilbert space /È,å

t'!i is defined to be a one-dimensional space.

The unit nolm vecto¡ spanning /'!f, is labelled | 0{00. . .} >.

^{"o- tt¿rs¡s vectors lor j d<'

^ -- 
t- t- is -eset of vectors

I n{n1n2 . . .} > (4.9)

defined by
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(4.10)

(4.11)

(4.12)

I n\tt1tt2.-.\ > (4.14)

for all r¡ : 1,2,. . . is the Slate¡ deærminant (3.7).

Then

Í
Ð ln{tt1n2' '} >< n{n¡r2'

111L)112...

.Ì l: I (4.15)



fæ.'î
\- :\- \-.¿--J Z--r .¿.-r

1¿1r,r7¿2.-. n=0n71¿2...

(4.16)

where the second summation on the right side is defined by (3.12).

Funhermo¡e,

7. \/acuum state

(4. l0) is the vacuum ståte of the system. It will be denoted by | 0 >. That is,

I o >:l o{00.. } > (4. 18)

tì. Genera-l state of t}le system

The general state of the system has the form

f
I r/'(r) >: f I "1"r"r.-.Ì >< n{n¡t2'..} I l/'(f) > (4.19)

l¿1Lt112"'



and

1 n\n1n2. . .Ì I ,i (t) > (4.20)

is the probability amplitude that at time ¿ there a¡e ¿ fermions in the sysæm
with rr1 fermions occupying the si¡gle-particle state | /1 >, and n2 fermions
occupying the single-particle staæ | dz >, and so on.

4.2 Creators and annihilators

We define fermion creation and a¡nihilation opemtors in this section. These

operators a¡e fundamental dynamical va¡iables for a system of identical fe¡mions.
They obey anticommutation ¡elations.

lnt oduction of creation and annihilation operators yields intuitive and elegant
expressions for observables a¡d basis søæs.

Matrix elements of observables are expressed as vacuum expectation values
()Í pi' ,düc'rS oi CiÈai¡On ar-rd ar-rn¡i¡¡jaiion Operaior-S. i iìese vacuum expec'råüOrr

vaÌues ¿r¡e calculated through a simple stategy.

rìô€hiri^ñ.

For each r : 7,2,..., we define

f
t I ntl\n1n2.'.¿" * 1...]

ll1Il112'''

> (-)-'(1 - r¿,) ( n\n1n2. ..tt,..'

(4.21)



from which

where

r-l
,r," = f r," (4.23)

and where I n\n1n2. . Ì > is the basis vector (4.9) in f '!".

it follows from (4.21) and (4.22) thatl

Fj I n{tt1rt2.. .0. } >: (-)-' I n ! 1{n1n2'" 1 "'} > (4.24)

(4.2s)

I
F": I ln\n1tt2..-n,-1

1l1l I1¿2'.'

..] > (-)-'"" < n ! l\n1n2 "'?¿. "') |

(4.22)

The 0 aEd I i¡ tle basis sktes iD (4.24) to (4,27) occur in the rtb place



ând

I7l

t¡

I n{ryn2..'1 .. .} >: 0

ln{n1n2.'.0 ..} >-O

(4.26)

(4.27)

F,t I o >: (0, I d" >,0,

,F, 10>_0

) (4.28)

(4.2e)

Comments

L Fermion creator

Ff; is a fermion c¡eation operator o¡ fer¡nion c¡eato¡.

When acting on an r¿-fermion basis vecto¡ (4.9) with n¡ : Q, ¡-J yieids an
rr -f l-fermion basis vector with n, : l.

2. &¡4þ¡r A44rh!!q!or

F" is a fermion annihilation operator or fermion annihilato¡.

When acting on an 7ì. * l-fennion basis vector (4.9) with ?¿r = 1, ¡1 yields
an ?r-fermion basis vector with n, : Q.

-3. Value of rr,

nz" is the numbe¡ of occupied single-particle states in I n\n1n2. . .n" . . .] )
up to single-particle state numbe¡ r.
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4. Pauli Exclusion Principle

(4.26) is the Pauli Exclusion P¡i¡ciple: a fennion cannot be put in a¡ occupied
single-particle state; no state can have occupation number greater than one.

5. Creating an elementary fermion

When acting on the vacuum state, F,t creates an element¿¡y fermion with ¡est
mass n¿ and spin s in single-panicle state | /r >.

ó. One-fermion state

The general one-fermion st¿te at time ¿ is

l,i (f) >: f ú"{r)r"r lo >
r=1

(4.30)

,þ,(t):<01F"'i(f) > (4.31)

is the probability amplitude that the fermion is i¡ the state I dr > at time ¿.



Anticommutation relations

We show in Section 4.9 that

{4, r"} : 0

{4,r"t} - r,"

(4.32)

(4.33)

where {,4, -B} is the anticommuraror of A and R.l

l. Pauli Exclusion Principle

It follows from (4.32) that

(+)': o (4.34)

(4.34) is the operator form of the Pauli Exclusion Principle.

Basis vectors

We show in Section 4.9 thàT the basis vector (4.9) may be expressed as n
creators acting on the vacuum state.

I So¡¡e couunutators of prodr-rcs of fermion cre¿tors and âñnih;¡ators ale given i¡ the Appendix

41



In particular, if (4.9) conesponds to tlre n single-particle levels r,s, '',l
occupied with r' < $ < ... < f, then

I n\n1n2. ..) >: F,lF"l . ..qt ¡ o > (4.3s)

Comments

1. Form of the basis vector

(4.35) is a compact, intuitive and elegant expression fo¡ the basis vector (4.9).

2. Manifest antisymmetry

It follows from (4.32) that (4.35) changes sign when any two of r', s, "' ,f
u'e interchanged

(4.35) is manifestly antisymmetric under particle interchange.

3. Fundamental dvnamical variables

Each basis vector (4.9) cân be expressed as fermion creators acting on the

vacuum state. The set of creaiors and annihiìato¡s de'ru-red i-'y (4.2i) at¡d

(4.22) is a set of fundamental dynamical variables for a system of identical

ferm i o ns.

Anticornmutation relations (4.32) and (4.33) are a fr¡ndamental algebra for

the system.

Evaluating vacuum expectation values

Evaluation of matrix elements of observables involves evaluating matrix

elements of combinations ofproducts of fermion creatots and a¡urihilato¡s between

42



states of the form (4.35).

That is, it involves calculating the averâge value in the vacuum state of
products of fermion creators and annihïato¡s. These vacuum expectation values
may be evaluated using the following staægy:

Express products of creato¡s and annihilato¡s in norrnal orde¡
using (4.32) and (4.33) and (C.1) to (C.10), then use (4.29).

Example

The norm of the vecto¡ F"Ì F"T ¡ 0 > is

. 440 f r.JFJ I o >:< o I r,r,r"i{ I o >

-. o t (-[e*,."+] +rJ444) | 0 >: (ó""6""-6,,ó"") < 0 | 0 >

:1-ó",
(4.36)

4.3 Number operators

We define

N,: FJF, (4.37)



for each r : 1,'2,..., and

": Dnr (4.38)

It fcùlows that

¡rj - ¡r"

(N")'? :1ú"

(4.3e)

(4.40)

l¡{", 
^Ll 

= 0 (4.41)

f
N" : t ln{n1rt2-.-} > n, <n{n1n2--.} | (4.42)

1111i112"'

î
¡/: t ln\n1n2...j > r, <n{n1n2...} | (4.43)

tLtLllt2.,.



Comments

l. Compatible observables

It follows from (4.39) and (4.40) that N, is an observable with eigenvalues

0 a¡d l.

It follows from (4.41 ) that the 
^¡, 

a¡e an inûnite set of compatible observables'

2. Eigenvalue decomposition

(4.42) and (4.43) a¡e the eigenvalue decompositions of N" and N.

The basis vector (4.9) is a simultaneous eigenvector of N, Nl' /ú2'' ' ' belong-

ing to eigenvalues tt1ttt1n2i"'.

-\-. À 1 . .,\'2. " are a complete set of compatible observables'

3. Nomenclature

When operating on the basis vector (4.35), 1f, gives zero if the single-particle

state | ó" > is unoccupied and one if it is occupied.

:\; is the number operator for the single-particle sr'úE | ó, >.

N is the number operator for the system.

4.4 Observables

An observable on t{..i is a Hermitian operatoP

A"($,€2,"' ,€") (4.44)

' Tb" *b*ttp, " "",4" h^ beeD adde¡ 1o serve âs a remiDder tbat t¡e observable is on Jrl'f,'
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where 4.. denotes the fundamental dynamical va¡iables (2.i3) fo¡ panicle a. (4.44)

is invariant under {o ++ {p for all a and B.

In this section we construct operators on fermion Fock space f,¡.s which are

equal to (4.44) for all n. Of particular interest are one-particle operators a¡d

two-particle operators on f }¡i,.

One-particle operators

We show in Section 4.9 that the operator

A:i<"1,41,>FJfl. (4.4s)

on /,!" where

<r1,1 ls):1 ó¡1.4({) ld"> (4.46)

is equal to

,¡

Au(û,€2,,...,(") : Ð ¡(e")
o=1

(4.4',7)

(ln r {.;, f()r every n : 1., Z,'''



Comments

l. One-particle operator

(4.47) is a one-particle operator on f{.,',.

Matrix element (4.46) is a one-particle mat¡ix element.

2. Total kinetic enerry on /,Í,i.

The lotal kinetic energy on /,F1, of a system of n fermions each with rest

mass r¡l is

r,(ü,€2, '', (") : Ð t(9")
.l:l

(4.48)

where

TG,): # (4.49')

T,(t¡., tz,. . . ,1') is a one-particle operator on f 
'Få.

3. Total kinetic energy on f'F"

It follows from (4.45) that the ope¡ator on f,I." which is equal to (4.48) on
lE;', for every 1¿ = 1, 2, ' ' ' is



..P2<,'i7'Iu):1 erlfil0,>
+s t ^.2: 

P_ 
" 
J 

d3 p'þi-,(Ð hó,^ "(Ð

: - #,Ð- 
" 
I 0" 

"^' 
(")v2d""" (4

(4.s r )

, : i <,lr lu> FJF, (4.s0)

where

whele o.,,,.(p] a¡d sr"*.(4 are, respectively, the momentum-space/spin ard
coordinate-space/spin representatives ofthe single-particle vector | /" >. That

is,

4,.'"(Ð:< P-rr" l,it, >

ó,*"(í) :< in¿" I ó, )

(4.52)

(4.s3)

where | 1inr., > and I dm, > are the one-fe¡mion simultaneous eigenket of
:-component of spin and, respectively, momentum ard position.



Ttvo-particle operators

It ca¡ be proved similarly to the proof of (4.45) given in Section 4.9 that
the ope¡ator

A: t <r.slAlut > FJF:nF" (4.s4)

on /¡" where

< rs I A I zf ¡:a ö,l; ó" I A(€",t,p) I ó" >l ó, ì (4.ss)

is equal tol

on /'¡;] where

A(€",.þ) - ,4(€/J,C") (4.s7)

for every t¿ : 2,i1,. . .

A,(€t,€2,"' , €,) : f, oG-,ru)
d,P=r

(4.56)

Tbe double suùr.Eatio¡ i¡ (4.5ó) is restric(el to o + p-



Comments

l. No misprint in (4.54)

(4.54) is not misprinted: the subscripts on the creators and annihilato¡s are in
alphabetic order whereal the labels i¡ the matrix element (4.55) are not.

2. Two-particle operator

(4.56) is a two-particle ope¡ator on /,{.,i.

14.55) is a two-particle matrix element. It follows f¡om (4.57) that

<r-slAlut2-asrlAltu> (4.s8)

3. Total potential energy on fÈj,

The total potential energy on f,I.i of a system of n identical fermions
interacting via two-body poæntials2 is

.tù

v,,l(t,€2,....{,)= * I v(c",qr)
d,þ:1

(4.59)

v(€",etr) :v(€B,t") (4.60)

3 Tbe double suæmation iD (4.59) is restrictei to d + p.



I1,(t¡.,t:¿,' ' . ,1,) is a two-particle operator on f *,',.

When the two-body poæntial is a function only of the position of the particles,

v(€.,€ù :v(i",xp) (4.6r)

4. Totaì potential energy on f,F'

It foilows from (4.54) that the operator on f*" which is equal to (4.59) on
/'l;1 for every ?¿ : 2,3, . . . is

v:; I <úlvlu,>FjFj F,F,
r.a,r¿.ù=l

(4.62)

<rtlV luu>

*s t. @.63)
: >_ | tl'trtlsyþi^,(i)öi","(Ðv(i,Ðö,^,(i)ó,*,(í)

¡n t,ã'z=- s J

\À/hên 11 Áll hnlrìr

where þ",,,.(ã) is given by (4.53).

5. Proof of (4.54)

The proof of (4.54) nd is simila¡ to the proof of (4.45) and is not given here



We give thÌee examples in Section 4.9 which check (4.54) using the one-
particle equations (4.a5) and (4.46).

4.5 Hamiltonian

We consider a system of identical nonrelativistic fermions each with ¡est mass

nr and spin s interacting with each other via two-body poænúals. Each fermion
is aìso be subjected to an external potential.

Hamiltonian on n-fermion Hilbert space

The H¿rmiltonian for the system on f{.,.f, isi

whele I({.) is the kinetic energy of paficle a, {/((") is the extemal potential

experienced by particle a and V(t. ltp) is tne inæraction poæntial between
p;rrticles o and p . rùy'e need not specify the details of the external poæntial
f ({" ) or rhe rwo-body potentral V(€",€tr).

We assume that the one-particle vectors I d" > (3.1) ffe the eigenvectors of

r(€") + u(€") +v(€") (4.65)

fÌrr some choice of V(("). That is, we assume that

ll¡

H,, =L[r(f")+ {/({^)]+ , Ð vtc".t,l
o=1 o,ß=1

(4.64)

I Tbe double suEúatioD iD (4.64) is restricted to û + p
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[?({") + {/(€") +Y(€")] I ø, >: e, I ó, > (4.66)

can be solved for l/" > and e" (r - 1,2,...).

We write (4.64) in the form

Hrr: Horr* Ht, (4.67)

where

Ho, : I [?(f")+ ¿/(1")+ y(d")] (4.68)

u,- :T 
þu,v 

(c,, € p)- 
å 

ru", (4.69)



Comments

l. Central potential and residual interactions

(4.67) describes n identical fer¡nions moving independently in a central

potential wjth residual interactions.

The central potential experienced by particle o is

r/(1") + y(1") $.'r0)

i11,, is the total residual i¡teraction.

In practice, V({") is chosen such that l/0,, is a good approximation to 11',.

2. Nucleons in an atomic nucleus

(4.67) describes r¿ nucleons in a¡ atomic nucleus.

l.'({".{p) is the sum of the strong inte¡action poæntial and the repulsive

Coulomb potential between nucleon a and nucleon B.

There is no external potential experienced by nucleon o. That is, ¿/(€") :0

V({") is the nuclear shell model potential.

3. Conduction electrons in a metal

(4.67) describes r¿ conduction electrons in a metal.

1"({",1p) is the repulsive Coulomb potential between electron a and eiect¡on

iJ.

¿¡(4o) is the atFactive Coulomb poæntial experienced by electron a due to



the positive ions in the lattice. t/({") is inva¡iant under a space displacement
equal to the dist¿nce between the ions.

V({") may be taken to be zero. The single-particle states are Bloch states.

Hamiltonian on Fock space

H:Ho*Ht (4.71)

n¡ -i,,rir,
r=l

(4.72)

ând

It follows from (4.45) and (4.54) that the operator on f8" which is equal to
(4.67) <tn /'li fot all r¿ : 2,3,. .. is

tØ
H, : ; t <r.<lV lut> rjrjr¡r"- Ð .r lVls > FjF" Ø.73)

î,s,7,u=7 r,s=l



Comments

I. Fock space description

In going from (4.67) to (4.71) the description of n fermions in inte¡action has

been ca¡ried over from a description in f'I,i to a description in /'¡'.

(4.7i) contains no ¡eference to the number of panicles. It can be used for
every system of fermions inæracting via two-body poæntials and with a¡
external potential.

2. Tvlo-fermion system

To describe the deuteron, for example, or two electrons, one prcpâres

l.,r t: Ë .y',"4r,t lo >
rrS=1

(4.74)

at time zero where

1þ,s:1 0l FrF' l rþ > (4.7 s)

is the probability amplitude that the system is in the state

44lo > (4.76)

at time zero. | y'r > is an eigenvector of the numbe¡ ope¡ato¡ (4.38) belonging
to eigenvalue 2.

The state at time ¿ is
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| ,/(¿) >: ¡(t) | 1þ ,- 
"-iut/ñ ¡ '¡ 

u

: )- 1,,""-iãr/hrjr]" lo >
(4-77)

where 11 is given by (4.71). Since

[N, ¡1] : o (4.78)

it follows that | ?¡(l) > is an eigenvector of (4.38) belonging to eigenvalue
2 for all time; the two-particle state initially prepared remains a two-particle
state fo¡ all time.

3. An advq4ltagg qt lthe Eqçl< space description

One advantage of the Fock space description of the ¿-fe¡rnion sysæm [that
ic in rcino l4 7l ì incten¡l nf lAÁ1\1 ;. rll'.ri (L ?11 ic cwnmcce¡l pwnli¡itl., i.v v/¡l/¡¡v¡sJ ¡¡¡

terms of the eigenvecto$ and eigenvalues of (4.68).

That is, (4.71) incorpomtes an approximate solution of its eigenvalue problem.

4. Goldstone diagrams

The potential terms in (4.71) cn be represented by diagrams.

J. Goldsto:re (1957) was the fust to develop and apply diagrammatic methods
with the Fock space description of the n-ferrnion system.

Goldstone gave the first proof of tle unli¡ked cluster expansion for the ground
state wave function and energy of an n-fermion system.



4.6 lndependent-partícle model

The Hamiltonian (4.72) describes fer¡nions moving independently. When the
single-particle energies in (a.66) a¡e labelled €l < €2 < ... then

lr>:rtT."¡'Jlo> (4.'19)

is an r¿-fermion state with the lowest n single-particle states occupied

Comments

l. Independent-particle approximation to the ground-state

I F > is an independent-particle approximation to the ?¿-fermion ground-state

of the Hamiltonran (4.71).

2. Fermi level and Fermi energy

The highest occupied single-particle level in I F > is the Fermi level for
the system.

r,, is the Fermi energy of the system.

3. Eigenvalue of Hn

It follows fr<tm (4.72) a¡d (4.79) that

HolF>-É.FlF> (4.80)



where

.¡ : f., (4.81)

Hartree-Fock potential

The operator F, (4.22) is defined in terms of bâsis vectors in /'I.l" which a¡e in
turrì constructed from Slate¡ deærminants (3.7) in /*i. The Slaær determinants
al.e constructed from the eigenvectors I d" > of the single-particle Hamiltonian
(4.ó5) for some single-particle poæntial )/({").

Different choices of V({") lead to different F,..

We show in Section 4.9 ihat the choice of V((,) which gives the best
independent-particle approrimation to the n-particle ground søæ of 1/ is

<'lyl"t:¡ {<rtlVl.,f>-<rllVlt.s>} (4.82)
t=7

(4.82 ) defines the the Hartree-Fock poæntial.



The Ha¡tree-Fock appoximation to tìe ground state energy of the n-parricle
system is

Comments

l. Ground-state

The eneryy Ee,ouud ef the n-particle ground-state of f1 is less than or equal

to every n-particle expectÂtion vaiue of 1J.

/,4 ç2ì ;" rh- h-.r .--'^-i-¡rin- rn Íì . f^É i hrlêñêhdêñr-ñrrfi¡lp crrrpcur! ulrr ûHP¡v^¡ 'groulta ,".

2. Determining the Hartree-Fock potential

V is determined by a self-consistent process. The steps in the process are

i. choose V

ii. determine the | þ, > by solving (4.66)

iii. determine a new V using (4.82)

iv. repeat the process until output V equals irput V

<¡'l¡1 IF>

=É{. t l(r+¿I) lr>+jËf.rs | 7 lrs>- <rs I v l", tl}
=l 

-s:, 
t¿/s¡l
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4.7 Particle-hole states

The state I F > (4.19) is a independent-particle approximation to the ground

state oi an n-particle system. I F > has üe lowest n single-particle søæs

occupied; the single-particle states a¡e determined by solving the eigenvalue
problem (4.66) with some choice of V or, in the Hartree-Fock approximation,
with )z given by (a.82).

The single-particle states occupied in I F > a¡e called unexcited staæs. The
single-particle states not occupied i" I F > a¡e called excited states.

An improved approximation to the ground state includes the component

t t ,,,'F)'F,1F> (4.84)

(4.84) is an rr-particle staæ which is a linea¡ combination of states with one

particle created in the exciæd state | þ", > a¡d one particle annihilated in the
,,---,-i+^.1 ^+^+- I -¡. \

¡r L.¡r\, lv/r.2.

It is convenient to express states liko (4.84) in ærms of particles and holes.

This is accomplished by defining

H, : Fi,*r-, (4.85)



whe¡e ? : 1,2. . .. , 1¿, in which case (4.24) and (4.25) a¡er

H, I n\n1n2. ' . 0. . .] >: (-)n"+t-' ln.!1{n1n2"'1"'} > (4.86)

(4.8'7)Hl In,+1\tt1tt2...1...Ì >- (-)mn+r-' Irt{r4n2'..0...} >

Comments

l. Hole annihilator and hole creator

11" annihilates a hole in the state I "{.'.0...} >.

Hl creates a hole in the state I n + 1{... 1...} >.

.1J, is a hole a¡nihilation operator o¡ hole a¡nihilator.

-Hj is a hole creation operator or hole creator.

2. Labelling of hole operators

The labelling in (4.85) labels holes starting from the Fermi level and running
down to the the lowest single-particle level. That is,

, -+ -Hì I F > is a¡ r¿ - I particle state with a particle ¡emoved f¡om the Fermi
level, and

H), I F > is a¡ n - 1 particle state with a particle removed f¡om the lowest
single-particle level.

I Tbe 0 aDd I i¡ tbe basis states i¡ (a-86) a¡d (4.8?) occur i! the ¿ - 1- r place.
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3. Fundamental dynamical variables

Fundamental dynamical variables appropriate for describing an n-particle
system are creato¡s and annihilators for particles in excited states

l.') ând F, (4.88)

and c¡eators and annihilators for holes in unexcited st¿æs

H) and H, ¡' :1r2r". ,¡t (4.89)

The fundamentaì dynamical variables obey the anticommutation relations

{4,4} = o

f - ^+ìlf¡, ¡jJ : (],s

7',.s : n+ 7,n i2,...,æ

(4.90)

t4.y r )

(4.92)

1H,,H"\:0

{a',rl} = 0,"

r'.,s:7,2,.'. ,n

(4.93)

(4.94)

(4.9s)



{4¡1}:0

.F' -fl or F"t

H:H" or HI

r:ÌL*1,n !2,...,æ

a - I 9 ... .'

(4.96)

(4.e'1)

(4.e8)

(4.ee)

(4.100)

4. Symmetry in the concepts of creation and annihilation

(4.93) a¡d (4.94) have the same form as (4.90) and (4.9t).

The theory of fermions is symmetric in the concepts of creation and anni-
hilation.

The theory of fermions deals with particles a¡d holes on equal footing.

5. Number operators

W¡ deûne pa-rr-icle and hole number ope¡ators

No, : FrI"*, Fu¡,

Nn, - HJH,

(4.101)

(4.102)



"o: Ë",

'L
lrtu - !lVo"

(4.103)

(4.104)

À; is the excited-particle number operator. 1ú¿ is the hole numbe¡ ope¡ator.

Tbe number operator 
^i 

(4.38) is expressed in ærms of particle- and hole-
number operato¡s as follows:

N:n*ffo-1ú¿ (4.105)

ó. Hamiltonian äo

Tie indepencient-particle Hami.ltonian Ho @.72) is expressed in terms of
particle and hole numbe¡ ope¡ators as follows:

Ho = ,F +le ,,N0, - Ð.u"¡ü0"
r=1 ¡=7

(4.106)



€pr : (la{.r

(hr = €n*1-¡

(4.107)

(4.108)

É2r is the energy of a pa¡ticle in an excited st¿te.

r¡, is the energy of a hole in an unexciûed state.

7. Fermi vacuum and Férmi sea

The independent-particle state I F > satisfies

ÀrlF>:nlF>

HolF>:€r"lF>

(4. 109)

(4. 1 10)

4IF>:O

r:n+1,r¿*2,...,oo

(4.111)

(4.112)

H, IF>:O

r :7,2,... ,n

(4.1r3)

(4.114)



NplF>:N¡, lF'>:0 (4.1l5)

I -F' > is an rz-particle state which is al eigenvector of the independent-
particle Hamiltonian 116 belonging to eigenvalue e¡.

I F > contains no excited particles and no holes.

We call I F > the Fermi vacuum.

The unexcited states constitute the Fermi sea. Frf creates a panicle above the

Fermi sea and /1j creates a hole in the Fermi sea.

lì. Particle-hole creators

The operators

a-re paÍticle-hole cfeatols.

When acting on I f' >, F"f Hi yietds an n-particle basis vecto¡ with one

particle in an exciæd staæ and one particle removed f¡om a¡ unexcited state.

That is, when acting on I F >,F) HI creaæs a particle above the Fermi sea

and a hole in the Fermi sea.

F}H¿

r:n*7,n!2,---,66

.-1r... n

(4.1 l6)

(4.t1'1)

(4. l 18)
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9. Particle-hole states

The ?ì -pr¡ticle state

is a one-panicle-one-hole state.

One can similarly construct two-particle-two-hole staæs, and so on.

The general rz-particle state is a linea¡ combinaúon of I F > and of many-
panicle-many-hole sntes.

4.8 Correlated part¡cle-hole states

The state (4.119) of an n-particle system has a hoie in single-particle state

] Çr,4r *" > in the Fermi sea and a particle in exciæd single-particle state | þ¡¿-¡¡ )
aD()vc Ltle rerrnr sca. ln9 s ne laDeö ?'aJro.s arg Inoepenoenl; me pafilcre-note
pair which is created is uncor¡elated.

ln this section we conside¡ states of an n-particle sysæm which involve
conelated panicle-hole pairs. These conelated-pair states ¿ue deûned as a unitary
transformation of the independent-particle state I F >.

The best correlated-pair state is defined as the cor¡elated-pair staæ which
minimizes the average va.lue of a¡ approximate Hamiltonian involving interaction
between cor¡elated particle-hole pairs. The ave¡age energy obtained is Iess tha¡

FjHIIF>

r:?¿+1,n*2,.'.,oo

-1r)õ- Ir¿,) "rtt

(4.1 r9)

(4.120)

(4.r2t)



the average energy of the system in tbe independent-particle state I F > for
any attractive particle-hole inæ¡action, no matter how small, between cor¡elaæd

particle-hole pairs. Furthermore, tlere is a gap in the energy specûum of the ¿-

panicle system. The expression for the energy gap carinot be obtained from any

finite-o¡der perturbation theory involving inæraction between correlated particle-

hole pairs.

We comment on the similarities and diffe¡ences between the approach in

this section and the classic papers on conelated-particle pairs by Coope¡ (1956)

a¡d on the theory of superconductivity by Bardeen, Cooper, Schrieffer (1957)'

Bogoliubov (1958) and Valatin (1958).2

Correlated particle-hole pairs

For each t : 1,2.,. ' ' , r¿ we define a particle-hole annihilator G" by

(i, = ll, Pu*, ø.t22)

It follows that:

[N, G"] : O (4.123)

lG", G"l - O

[",,"1] : (1 - Np" - Nr")á,"

(4.124)

(4.rzs)

Repriots of tbese papers are in Pi¡les (1961).



G?:o

G,GIG, _ G,

G!G,: N,,N¡,

C;,t;! : 1 - Np, - N¡, I Np,Nr,,

(4.126)

(4.127)

(4.128)

(4.129)

Comments

L Correlated particle-hole creator

l,'i creates a particle in a¡ exciæd state a¡d a hole in a¡ unexcited st¿te. The
panicle and hole created are dependent on each other.

Gl creates a correlated particle-hole pair.

2. Labelling of particle-hole creators

(;i is constructed such that the energy difference between the created particle
aud hole increases with increasing r. That is,

f;l | ¡' > is an rz-particle stâte with a particle in the fi¡st excited state above
the Fermi level and a hole i¡ the Fermi level, and

Gl, 1 F > is an rz-particle staæ with a particle in the nth excited st¿æ above
the Fermi level and a hole in the lowest single-particle level.

3. Cooper pairs

Bardeen, Cooper, Schrieffer (1957) have forrnulated their theory of supercon-
ciuctivity in terms of a¡nihilation operators
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h - c-tt cLr (4. r 30)

where c¡¡ annihilates a spin-up electron with momentum k and c-¡1 annihi-
lates a spin-down electron with momentum -k.
¿rk annihilates correlated pairs of electrons. These correlaæd pairs are called
Cooper pairs (Cooper (1956)).

(4. 122) differs f¡om (4.130): (4.122) involves a particle-hole pair, not a two-
particle pair, a¡d so does not change the total number of particles; furthermore,
the cor¡elated pair is not restricted to having equal and opposite momentum
and spin.

Kaempffer transformation

We define

Il:Ur¡¡r.'.r," (4.131)

where

IIr -1-(1 -u,),9s, -iu.S2, (4.132)

whe¡e



,So,:G,GI+GIG"

sz,:t(cl-c,)

(4.133)

(4.134)

and where u, and u, are real parameærs satisfying

"l+u!:1 (4.1 35)

Comments

l. Kaempffer transformation and Kaempffer pa¡ameters

Kaempffer (1965) has conside¡ed a tra¡sforrnation of the form (4.131).1

Accordirgly, we cali {/ a Kaempffer transformation.

A Kaempffer transformation is labelled by parameærs u1,,u2,...,u,, and
rj1 . r).. - . . , u,r. We call these parameters Kaempffer pârameters.

2. Properties of ,Sn" and ,9r"

It follc¡ws from (4.133) nd (4.134) that,90" and ,92" are Hermitian and satisfy

[,5b",,90"] :1,92,,,92'] - [,9¡",,52"] - 0 (4.136)

I Kaempffer also defnes operators whicb we would lâbel ,9r, ald .93, a¡d shows tbat ,96, , ,5-1,, ,52,, .93,

a¡e isornorphic to tbe uDit Ealfir ¿¡d tbe three Pauli makices.



c2 -cz _ c-,-r0Ì-D2¡-'Jt)r

Ss,S2,=S2,Ss,=$2,

(4.137)

(4.138)

3. Family of number-conserving commuting unitary operators

It follows f¡om (4.132) that II1,U2, . . , {/,, is a fam.ily of number-conserving
commuting unitary operators. That is,

4. Number-conserving unitary operator

It follows from (4.131) that U is a numbe¡-conserving unitary operator. That
is.

[,¡ú, ¿/] - o

y¡¡t:gtg -1

(4.142)

(4.143)

[¡ú, ¿/,] - 0

[¿/", ¿/"] : o

I\,UJ:UJt¡,:t

(4.139)

(4.140)

(4.141)



Correlated-pair model

We define the state I G > as a Kaempffer transformation (4.131) of the

independent-particle state I F > (4.79). That is,

lG>:ulF> (4.144)

It follows that

't-ljt I lt I lc rl ls

l. Correlated-pair approximation to the ground-state

I G > is an ru-particle state which is linear combination of the irdependent-
particle state j ¡' > and of states forned by creating up to n correlated

particle-hole pairs from I F >.

I l-,' > is labelled by a set of Kaempffer Parameters.

ln panicular, I f.i >:l F > when 11 =D2= "'=o,,:0.

I G > is correlaæd-pair approximation to the z-fermion ground-søte of the

Hamiltonian (4.71).

1{lG>-nlG>

t¿

I G >: fl (", +,,c1) 1 r >

(4.14s)

(4.146)



2. BCS superconducting state

In the Ba¡deen, Cooper, Schrieffe¡ (BCS) (1957) theory of superconducúvity,
the superconducting state ù is the correlaæd-pair søæ

where lz¡ is a ¡ea-l parameter and Os is the vâcuum st¿te. \lr is not an n-
panicle state

(4.144) differs from (4.147): (4.144) is an n-particle srate; it involves co¡.¡e-
lated particle-hole creators acting on the independent-particle state, not cor-
related two-panicle creators acting on the vacuum state.

Quasiparticles and quasiholes

We define annihilators Qe, and Q¡, as a Kaempffer transfo¡mation (4.131) of
n:rrti,'ic nnd hnle onnihil"t^'c T1..r i"

Õ_- : ITF IIÏ't Pl

r:1,2....,oo

tÁ I Áa\

(4.149)

Qn, = Il H,uI

¡' : I,2,,...,n

(4.150)

(4.151)

v:Jl[tr
k

- år)å + n¡r'[]oo (4.147)
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It follows that

Qp, = Fn+,

r:tr+I,nl2, ,Ñ

(4. 1s5)

(4.1s6)

It follows from (4.152) md (4.153) that

Qp, -- urFrr¡, - urHJ

Qh,:u,H,*u,Fj*,

--1t --- -

(4.1s2)

(4.153)

(4.1s4)

Frr+":urQp,¡rrQl,,

H,=urQhr-rrQI,

^.r.lI 
- 

l,¿,t"'tIt,

(4.1s'7)

(4.158)

(4.1s9)



It follows f¡om (4.90) to (4.98) ând fmm (4.148) to 4.151) that

|Qp",Qp"j : o

{eo,,e¡"}: d,"

(4. r60)

(4.161)

lQ e,,Q n"j = {Or, a'o"} : o (4.t64)

Commenis

l. Nomenclature

Q¡, anð Q¡, ate lnear combinations of particle and hole operators.

Qv, ts a quasiparticle annihíiator. Q¡, is a quasihole annihjlato¡.

2. Bogoliubov-Valatin operators

Bogoliubov (1958) and Valatin (1958) have introduced linear combinations

of operators analogous to (4.152) and (4.153) in their theory of supercon-

ductivity.

{Qn ,Q¡"} = o

{eo,,eL,} 
: t,

(4.r62)

(4.t63)



We note that (4.152) and (4.153) arise via the same transformaúon which ied
to the conelated-pair state (4.146).

The Kaempffer transformation (4.131) thus provides the li¡k between the
correlated-pair state (4.146) and quasiparticle and quasihole a¡nihilators
(4.1-s2) and (a.I53).

3. Fundamental dynamical variables

(4.148) and (4.150) defrne fundamental dynamical va¡iables Qo, urd Qn,.

(4.l6Cl) to (4.i64) is a fundamental algebra for the sysæm.

4. Transformation equations

(4.15'7) and (4.158) allow transformations ftom Qo, úd Q¡, to 4,+" and

H,.

,5. Number operators

We define quasiparticle and quasihole number operators

Nqp, -- Il Np,[i = QI,QF

Nnn, : II Nr,,()r : Qto,Qo,

(4. r6s)

(4.166\

and
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Ncp:LINprlt=Ëntp"
t=l

t¿

No¡,-UNnIl+=ÐNoo"
r=1

(4.167)

(4.168)

À'0, is the quasiparticle number operator. 1úo¿ is the quasihole number
operator.

It follows f¡om (4.105) nd (4.142) tl¡at the numbe¡ operaror N (4.3g) is
expressed in terms of quasiparticle and quasihole number oper¿tors as

N:n*Nor-Non (4.169)

ó. lndependent-quasiparticle-quasihole Hamiltonian

The independent-quasiparticle-quasihole Hamiltonian Il HyIII is expressed in
tetms of quasiparticle and quasihole number operators as follows:

IIHyIII : t¡ +le4Nqp, _ lrn,Non,
¡=l ¡=l

(4.170)

The eigenvectors of [l Ho(lï form a basis fo¡ the Hilbert space of the system.

7. Properties of the correlated-pair state

The correlated-pai¡ state I G > satisfies



Qp"IG>:o

r : 7,2,. . - ,æ

(4.1'.7 t)

(4.r't2)

Q¡, lG>-o

r:1,2,...,n

(4.r73)

(4.174)

NIG>-nlG>

NselG'>:ÂrollG>:O

(4.t7 5)

(4.t76)

IlHoIrt lG >: erlG > (4.1'.77)

I G > is an n-particle ståte which contâins no quasiparticles and no quasi-

holes.

I G > is an eigenvector of the independent-quasiparticle-quasihole Hamilton-
ian (4.170) belonging to eigenvalue r¡.

[i. Quasiparticle-quasihole states

The n.-particle states



etr,el,le >

r = 7r2r... ræ

.s :112'" ' .t¿

(4.178)

(4.179)

(4.180)

are one-quasiparticle-one-quasihole st¿tes.

One can similarly construct two-quasiparticle-two-quasihole states, and so on.

The general n-particle state is a linea¡ combination of I G > and of many-

quasipanicle-mary-quasihoie states.

Best correlated-pair ståte

We assume that the Hamiltonian (4.7i) for the sysæm can be approximated

Hpair:HslHpo;, (4.181)

where H¡ is given by (4.106) and where

by

Hpøir:-f,*"clc"
rrs= l

Tf,": 9r" 9s¡ : ?rs 9r¡ = 0

(4.182)

(4.183)



Hpo;, is an interaction between correlated particle-hole pairs.

The best correlated-pair state is defined as tre state I G > which minimizes

Ec:<GlHp"*lG> (4. 184)

We show in Section 4.9 that the above condition yields the following expres-

sions for the Kaempffer parameters:

" rl €, l
"':rlt+e+dFl

. 1l €î l¡t':-ll--l-1 2 L- çr" + ,fi); )

(4. 18s)

(4. 186)

I ç- Ç¡s€Os
"' , Z--) ^ ô '+" s=i l€i+ eft.)"

(4. 188)

€¡: (pr - (hr (4.187)

and whe¡e €or.aoz,' ',60'¡ aie ¡eal parameters satisfying



We a-1so show that

(4.189)

Determining €ot,r'o2t-..,¿oD from (4.188) deænnines 86. The values of
601 . €0?.." , €0,¡ depend upon the values of the parameteß 9"" which specify the

interaction (4. i 82) between cor¡elated particle-hole pairs.

Special case: constant interaction

We assume that

The integer n" specifies the numbe¡ of correlated particle-hole pairs which par-

ticipate in the pairing interaction Hp,;, (4.182).

It follows from (4.190) that

60":0 rf r>n', (4.192)

I's:0

gr, = 29

if

if

t' Of -s > 7¿c

r ald sln,

(4.190)

(4.191)

and liom (4.191) that



lù¿

E0":g t to" 
,

"11,:t 
(e! + ef;")ã

(4.193\

if r' ! n..

(4.193) is solved by

60r : 60 if r ! n., (4.194)

ls¡
-- \

-/ts 
= (el+fi),

(4. 19s)

Special câse: high dens

We assume that the number of energy levels is sufÊciently high nea¡ the Fermi
level that the summations in (4.189) and (a.195) can be replaced by inægrals.
That is.

ãør ll ^.rlEc - t F : ;.1 l, - þ' + e()' 
lnçe¡ae

0

(4.196)



tu
1 î n(e)d,t
g J t.2 r.2\1n \- | -01

(4.t97)

where åd : ¿n. ând n(e )de is the number of single-panicle states with energy

ebetween€and6+d6.

We further assume that

n(e) : n(0) fo¡ 0<e<fzu (4. 198)

n(0) is the energy-level density at the Fenni level.

It follows from (4.196) to (4.198) that

,, = ur7.t'u'[r¡fu1 (4.199)

(4.200)Ec; - et: ],toltu,l'{r - [r 
+ ef]'] - *

That is.



Ec -, r : -ï,e)rnù'l* - ã+. -"1 (4.201)

1

n(0)9
(4.202)

Comments

I. BCS equations

(,1.199) to (4.201) are simila¡ to equations in Bardeen, Cooper, Schrieffer
(BCS) (19s7).

2. Comparison with the independent-particle state

It follrws from (4.201) that

Ee <ep if g>0 (4.203)

That is, if there is a¡ attractive force between cor¡elated particle-hole pairs, no

matter how weak, the ave¡age energy of the sysæm in the best correlaæd-pair

state I fr' > is less tha¡ the avemge energy of the sysæm in the independent-

particlestatelF>.



3. Nonperturbative result

The right side of (4.201) has an essential singularity when 9: g.

(4.201) cannot be obtained from any finite-order perturbation theory involving
expansion in powers of g.

4. Energy gap

We define the n-particle excited stâte I G* > as the quasiparticle-quasihole

state (4.178) when r' :.s = ¿ where a is an integer and 1 ( ¿ ( n. That is

I a''- >: QI"QÏo"lC; , (4.204)

It fìrlkrws on calculation that

Ec;. :< (,* | Hoo;, | (l* >: Ec + (eZ + ,3")i (4.205)

ln p:rniculr, when (4. I94) holds,

Ec.)Ec*eo (4.206)

fo¡ all values of o.

The energy required to form a quasiparticle-quasihole exciøtion is at least e6;

there is a gap in the ene¡gy spectrum of the n-particle sysæm.



4.9 Some derivations

Derivation of (4.32) and (433)

It follows from (4.21) a¡td (4.22) that

T

4FJ: t l"{...0..'}><"{..'0...}l (4.207)
?¿t¡l t12 ..

and f
rir,: L In+1{ ..1...}><n+1{...1..'}l (4.208)

ll1¿t1ì2"

ancl thus

F,FJ + rjr,: t (4.209)

which is (4.33) when r':.s. When r ( -s,

I
F,F:: t In+t{..'0 "r...}>(-)"'*t*''".r+1{.. 1. 0. }|

?¡?¡,?ì?... 
(4.210)

where we have written

rr¿s : n¿r * r¿, * À", (4.211)

whele
3

)"": ! nr Ø.212)
¿=r+l

is the number of occupied levels between levels r and -s. Then

Í
rJF": t l"+1{ ..0...1..'} t (-)'-'*o*''''.",+l{. .1"'0"'} 

|

1l1lt1t2 --

- -4Fj
(4.213)

(4) also holds when s < r. This completes the proof of (4.33). (4.32) follows
similarly.
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Derivation of (4.35)

The state may be expressed as

I "{.. 
.1 ... 1 ... .. .i ...i > Ø.214)

where the 1 's appear in the rth, sth and fth, places. Using (4.24) repearedly yields

|,r{.'. 1. 1...... 1...} >: FJ I " -1{...0... 1...... 1...i >

: FJFJ I " - 21.. .0.. .0. .. .. .1 . ..] > (4.21s)

which is (4.35)

= = 4rj...4 to '

Derivation of (4.45)

We .show that

< n{rr1rr2...} 1.4,, ln\n\n'2 } ì:. n\n4n2.-.}lAln{,r'r"'2..-} >
(4.216)

where the left side involves quantities in n-ferrnion Hilben space i'I." and the
right side involves quantities i¡ fermion Fock space /,¡'.

That is, I ttin1n2...i > is a Siaie¡ deiÊÍninant (3.7) anri á,, is given by

(4.47). and I n{np2 '.'} > is given by (4.35) and .'4 is given by (4.45).

Now

Ë 
' 

t, ìÍ ö,1:1, (4.217)

so 
c<,

.4(1*)= I lø, >,<ó,lA(eòlö,><ó"1 (4.218)
1'9=1



But

! ¿,, lA(€t) ld" >:< Q, lA(€ùló">:...:< Q, 1,4(€,) ld" > Ø.219)
1122r¿1t

since the n single-particle spaces a¡e identical, so

<ó, lAG") ld, >:< rlAls> (4.220)

and thus

-a(€.): I."l.al">l ó,àf ö"1 (4.22r)

¿rnd

q) ÌL

A,(.€t,Ç,...,1"): )ì .'1,11., > I lé" t. d,l ø.222)
r,s:l o=1

Now consider r < s. Then

-r_) .,. >< ó"lrltttttz" ] >:(-)"" l"{"'1 "0"'}>ó0,,,6i,," (4.223)
.¿--r

rvhel e

s-l\s\À,,: I rtt Ø.224)
i:r+1

The facto¡ (-)^" io (4.223) accounts for intercharging rows of the Slaæ¡

determinant (3.7) to get them into the order r' < .s < ... ( l.

Thus



Three checks of (4.54)

We check (4.54) by considering three examples which use the one-particle
equations (a.a5) a¡d (4.46).

Example I

When

,4 (¿^. ¿/) : I (4.227 )

(4.-56) becomes

A"(ü,...,1") : n(n - t) (4.228)

TLe Fock space operator conesponding to (4.228) is

,a - /ú(¡/ - 1) (4.229)

Juuljrrluuon Qr \+.¿¿ I ) rnl(} \¿+.JJ, yrcßs \+.¿¿) ) as tequueo.

Example 2

When

A(e-,et) : lrlorc-l + ,t(t,ùl (4.230)

(4.56) becomes

,L

A*(ü,...,€,,)= ('-l)Ð¡(e") G.231)
o=l
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The Fock space operator corresponding to (4.231) is

.q: @- 1) Ë <, I A l" > F,rF, (4.232)

Substitution of (4.230) into (4.55) yields (4.232) as required.

Example 3

When
A(C",tp) - A(€")A(ep) (4.233)

(4.56) becomes

f ¡¡ 12 ù

A,(€t,t2,...,1,) = ltrte"ll - )- VGò12 s.234)
L;= ) î-=t

The Fock space operator conesponding to (4.234) is

[,. 12 É
/: lt <.1.41">Fjnl - )- <,lA2l">4n ø.235)L.Ë, I i:,

(4.235) may be wrìtten in the form (4.54) where

<r.sl Alut2:ar I Alu >< s 1.4 lf > (4.236)

as requireri.

Derivation of (4.82)

Let Fj and F"l be c¡eation operators determined, respectively, from single-

pa¡ticle potentiels f (€") ard l,/(("). Then

el = rj + il a,,,F!, + . .. (4.237)
fr=1

fbr some real numbers ant, wheÍe ø"" : 0 for all r'.



LÊt

¡F>:FIF;..4t0> (4.238)

a¡d

lF>=rlr].FJIo> (4.23e)

(4.238) and (4.239) arc the independent-particle vectors corresponding to single-
pàr'ticle potentials ll((") and //({"), respectively.

We assume that (4.238) yields the minimum expecration value of (4.71) for
all independent-perticle vectors. ln view of (4.237), this assumption may be
expressed as

¿)

òw'<FlH lF > lo"'=o=o (4'240)

(4.240) will be used to deærmine the single-panicle poæntial V({").

It follows from (4.240) that the term in

<r1a¡Þ> (4.241)

which is linea¡ in the a",, must vanish. The ærm in (4.239) which is linea¡ i¡
the a,.,, is

lL (x)

| 4¡, >: rI I ",,,rlr] .F: .¡j I o > (4.242)

' 

r:1 r|:1

where the F,T, occurs i¡ the r th place. Now since

(4) = o Ø-243)

it follows that

tL ty)

| fi;u >: ,t t "",,r,!r]. 
.F:,. rj I o > (4.244)

¡=i ¡'=t¿4l
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It follows from (4.32) a¡rd (4.33) thal (4.244) can be rew¡itren as

I4''>:tË Ë ø,,,F|,F,¡F> (4-24s)
t=] r':r¿+l

Requiring the term in (4.241) which is li¡ea¡ in the a"", 1çr vanish thus yields

Re<FIHF),F, l¡.>:0 (4.246)

for all

r1n1r' (4.247)

Nowl

FllF>:F,,lF>:o (4.248)

<FlF,:<rl4l:0 Ø.24s)

It follows that (4-246) can be w¡itten as

< r llrj,,nlr,lF >: o ( .zso)l'

-We evaiuate the ieft si<ie oi (4.250) when H is given by (4.7i). It lbi¡ows
using (C.2) and (C. l0) that

ftl,"] : -r,,Fl, +Ð. " I v lr' > r!

+; f {< sr lV l,r'> - < st lV 1iu >lrjrlr,
" s.l.¿=l

(4.2s1)

I Unprimed a¡d primed si.ngle-particle labels obey (4.247) ir the fo owing.



using 
<FlF:,F,r F>:o @'s2)

:FlF"fF, lF >:á," (4.253)

< r 1 r! rj r*r, I F >: 6,"6¿u - 6,t6u, Ø.254)

it follo'ws that

.rl[ri,,n)n,tr>:
,, (4.255)

:< r'l } l'' t -f {<rtlv lr't> - <rtlrt ltrt>}

It follows that (4.250) is satisfied if
n

<, ly l" t= I l<rtlv lr't> - <rtlv ltrt>\ (4.256)
I= l

Extendin-s (4.256) to define all matrix elements of V compleæs the derivation
of (4.82).

lJerlvauurr ur l1l.roJ, allu \¡{.rou,

ìt follows using (4.157) and (4.158) that

N,- : u2 + ... (4.257)!\pr - vÌ t

-. t
A'¡, : ul + "' (4.258)

G!c": u'u'u"u3 l "' (4'259)

where . ' ' íre te.Íns for which <G l-..1G >:0 and the¡efore

--"LG - t(u?rn, + rlrr, - o,u,u") (4.260)



where

o, =f n,"u,u"

øc +f t,@'?, + 'l)
with repect to'ut ) u2 j ", u,, and 1)7 1 u% "' r uD whele À1, À2, "', )rr are Lagrange

multipliers yields

(4.261)

(4.262)

(4.263)

(4.264)

(4.265)

(4.266)

(4.26't)

(4.268)

(4.269)

Minimizing

It follows from

and therefore

We define eo" by

2(e¡,!À,)u"-aîur=0

2(eo,*À,)u,-d¡u":(\

r -- I,2,... ,rt

(4.263) utd (4.264) that

(en, * À,)u? : (eo, + \,)u?

" 
eo, I\,

*1 
ep, * eh, * 2À,

., e¡, I À,
"'- ro, * enr*2À,

,,o, :2(ep, + À")å(e¡" a À")å
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It follows thal

where

€¡ = (pr - ehr (4.271)

a¡d therefrrre

tl
"?: ;þ*;;;-l r+ztzt

L \"" ¡ cï¡l J

|-"t
'?:;l'-;::;,tl ,0,,',

L \'¡ t'0¡) J

2urt,r: to" 
, (4.274)

,) \ã
\"r''0r,/

ãr : €or @.2'75)

Ec; - er: ; å 1", 
- ,,r+ 4")å] Ø.276)

Ir follows from (4.2ól), (4.27 4) and (4.2'15) fhaf €ü,€02,. . . ,66¿ âre reâl
pllrameters satisfying (4. I 88).





Chapter 5 FOCK SPACE FOR
FERMIONS: PART 2

In Chapær 4 we considered a system of identical fermions with Fock space as

the Hilben space for the system. The fundamental dynamical variables a¡e creators
pi @.Zl) a¡d annihilators F, (4.22) which satisfy the fundamental atgeb¡a (4.32)

and (4.33). The F"i and F, a¡e construcæd using a denume¡able set of vectors

which span the one-fermion Hilbert space.

In this chapær we continue the description of a system of identical fennions

with Fock space as the Hilbert space for the system by definhg creators and

annihilatt¡rs constructed using nondenumerable sets of eigenkets which span the

one-fermion Hilbert space.

ln Section 5.1 we construct creators a¡d annihi-lato¡s using coordinate-

space/spin eigenkets. This yields quântum field theory for fermions.l

ln Sections 5.2 and 5.3 we construct creators and ¿nnihilato¡s using

momentum-space/spin and momentum-space/helicity eigenkets, respectively.

The Hamiltonian for a non¡elativistic system of fermions inæracting via two-

body potentials is w¡itten in terms of the various creators and annihilators in

Section 5.4.

5.1 Quantum field operator

Definitions

The annihilator F, (4.22) i¡ fermion Fock space /'¡.s is defined in ærms of

We do not explicitly discuss relativistic quantu.E 6eld theory This topic is disussed n QI'B: Relativistic

Quanrum FieLd Thtory.



+s¡
1 : f | Ér | Í,,," )( r-nr" II

< ,rt," I ynl" >: 6(i - í)6*",-,,

(5. 1)

(s.2)

the denume¡able set of vectors (3.1) which fo¡m an ortlronormal basis fo¡ the
Hilbert space fo¡ a one-fermion system with ¡est mass rz and spin -s.

The simulta¡eous eigenkets I ã*, > of the Ca¡tesian position Xl, X2, X3
and the z-component of spin ,93 of a particle may also be used as an orthonorrnal
basis fo¡ the Hilbert space for a one-fer¡nion sysæm with rcst mass rn and spin
s. These eigenkets satisfy

The function

ó"*,(i):< it¡¿" I ó, > (s.3)

is the coo¡di¡ate-space/spin representative of I ö, >.

These functions satisfy

+s¡
t I d3îöi-.G)ø,-"(i): 6,u

*-=-.r

i ri^.{r)r"^, 1fl - ó(c- - i)6^.*:.

(5.4)

(5.s)
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Furthermore,

o<)s-.
I rnt" 2= L I Q, > Q;*,lr)

r=1

(5.6)

Accordingly, in /,I." we define

F^"(i) :ló,*,{Ðr,
t:7

(5.7)

It follows f¡om (4.28) and (4.29) that

¡å.t;l I o >= (0, | ãnz" >,0,'. .)

F",.(r') l0 >- 0

(s.8)

(s.e)

and fiom (5.4) and (5.5) that

(5.10)



It follows f¡om (4.32) a¡d (4.33) thatr

{F-.(z-),F",1(fl} :0

{r*.1;¡, r},1¡¡} : ,rt - a)6*"^,,

(s.11)

(s.12)

Comments

1 Fundamental dynamical variables

(5.7) defines fundamental dynamical variables F*.(r) and f'[.14 for a

system c,f identical fermions each with rest mass rn and spin .s.

(5.11) and (5.i2) a¡e a fundamentd algebra for the system.

2. Transformation equation

(5.10) allow transformation from F-.(z-) to F'" given by (4.22) -

3. Quantum field theory

I,,,. (r-) is labe-t1e-d by tle eontnuous variable ã.

F,,,.(r') is a quantum field operator in the Schrodinger picture.

The description of a system of identical fennions using a quantum field as a

fundamental dynamical variable is called quantum field theory of ferrnions.

4- One-fermion sfate

When acting on the vacuum state, f',J"" (;¡ creates an elementary fermion at

I So¡¡" com.Eutators of producs of fermioD c{eators aDd aanihilators are given il the Appendix
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position ¿- with ¡est mass ?7¿, spin s and z-component of spin nz".

Thð general one-fermion state at time Í is

and

l,þ*,(í,t) | 2d3 

" (5.14)

is the probability that the fermion is in the volume dxdydz abolt the point
(.r'. y. :) with z-component of spin m" at time ¿.

ú,,,. (rl. l) is the coordinate-space/spin wave function of the fermion.

5. Second quantization

Definition (5.7) has led to the notion that the field operator F],.. (u-) is given
hv I nrocesc nf "ce¡nnd nrrântizqtinn" qnnlia¡l tn rhp €,rn¡+inno t l:\

vll??"s\ú )'

The phrase "second quartization" a¡ises because one describes the quantum
mechanics of a single fermion in terms of ó,^"(i) representing the state of
the paÍiole then one uses the same function to construct operato¡s app¡opriate
for describing the quantum mechanics of an assembly of identical ferrnions.

"Second quantization" is misleading. It gives the impression tlrat the descrip-
tion of a physical sysæm using field theory is beyond quantum mechanics o¡
that it requires a modification of quantum mechanics. It doesn'1.

lt(r) >: t
t7¿t=-5 .f a'",¡*,6,t¡Få.('-) lo > (s.13)
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People say "second quantization" when they mean "the Hilbert space is Fock

space".

One- and two-particle operators

The operators (4.45) and (4.54) on f,¡,s are equal, respectively, to the one-

ar¡d two-particle operators (4.47) a¡d (4.56) on f *i,.

It follows using (5.10) that (4.45) may be written as

where F(:Ì) is the matrix

.nO ¡i (:ri) is the corresponding 2s * 1 ¡ow matrix, and whsre A(i,g) ß a 2s + 1

by 2.s * I squa¡e matrix of one-particle matrix elements

(A(i,í))^"^'":1 irtt" I A(() I í*| > (s.17)

e : I a3'a3 u rt 6¡e6,¡7r 19 (5. 1s)

ttii,)
\ ¡ s(nj ,/

(s.16)F(i)=



It follows using (5.10) that (4.54) may be written as

t : I at, a3 y as r' rt3 s' Ft çí¡ Ft 1¡¡ t (t, ¡, ã, f,) o (r,) o (,t) (s. I 8)

wnere ,+( i.¡, i'r]) i. u tenso¡ of two-particle matrix elements"/

(5.1e)

5.2 Momentum/spin operator

Definitions

In Section 5.1 we used the simultaneous eigenkets | ãnr" ) of the Cartesian

position Xl, X2, X3 and the z-component of spin 53 of a particle to define the

annihilation operator F*,(i) (5.7).

The simultaneous eigenkets I p'nz, > of the Caræsian momentum Pr , P2 , P3

ancl the z-component of spin 53 of a particle may also be used as an orthonormal

basis fo¡ the Hilbert space for a one-fer¡nion system with rest mass rn and spin



I: t l,fpli,n")(p-rn"l

< Pnts I qnt s >: ¿(p - Ç )Ò-,^',

(s.20)

(5.21)

s. These eisenkets satisfv

Furthermore-

wliere

*s
I p'r," >: | | F t | ínl, >< inr'" I p-rrr" >

-Jtn:'= - s

6.22)

ts ?? ì

Accordingly, in /,¡' we define

t *.(Ð: (*)r I ai,"-ii.õ/ñr*"çt¡ (5.24')



It follows using from (5.8) and (5.9) that

F!",(p) | o >- (0, I p--" >,0,. . .)

F-.(¡f | 0 >:0

(5.25)

(s.26)

and f¡om (5.24) that

lt follows f¡om (5.11) and (5.12) that2

iF*"(p1,F*:(sl) : o

{r".t.,1, FL,J.)}: ó(i- û6*,^i

(5.28)

(s.29)

F",.(r-)- (#)' I a3p"iiõ/hr,*.1^ (s.27)

Also,

{r*"ç¡.rl¡n} -- (*)t "'ií/k6^.,n"
(s.30)

Some comm¡¡tato¡s of products of fermioD c,rEators ald atrDihlato$ ar.e given il tbe Appendix



Comments

l. Fundamental dynamical variables

(-5.24) defines fundamental dynamical variables ¡t" (p] and f'f 
" 
61 for a

system of identical fermions each with rest mass ræ and spin s.

(5.28) a¡d (5.29) aæ a fundamental algebra for the system.

2. Transformation equation

(5.27) allow transformation from f]". (¡f to F-.(ã) given by (5.7).

3. One-fermion state

When acting on the vacuum state, Få" (tl c¡eates an elementa¡y fermion with
momentum p-, rest mass rrz, spin -s and z-component of spin rrz".

The general one-fermion state at time ¿ is

I tþ^"(i,Ð | 2 
d3 p 6.32'l

is the probability that the fermion has momentum in the volume dpt dp2 dp3

about (pl,p2,p3) with z-component of spin ms ât time ¿.

i,,,,,(i.t) is the momentum-space/spin wave function fo¡ the fermion.

l.(r)>: I ! Ëpu.6.t¡Fl,(pll0>
I

(5.3 1)

ano
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One- and two-particle operators

The operators (5.15) and (5.18) on /qr' are equal, respectively, to the one-

and two-particle operators (4.47) and (4.56) on f 'I.,,i,.

It follows using (5.27) that (5.15) can be written as

,t : I a3 r,a3 unI (Ð,s(F, ù r (i¡ (s.33)

where .F (7i) is the matrix

and Fi(7, is the corresponding 2s * I row matrix, and where A(i,û ß a2.s l1
by 2.s * I square mat¡ix of one-particle matrix elements

(A(i,í))*,*t:1 p'm" I A(€) I d,"'" > (s.35)

.":(ilî) (s.34)



where

It follows using (5-27) that (5.18) car be \ryritten as

is a tenso¡ of two-particle matrix elementse(i;.;i,tt,i)

/ / ¡ {\\(¡6.í.p'-q')) , , -/ / mlm2m\mi

< pr,,,¡ l; q'rn2 | A(g,{ù I i-\ ìl í'*',
(s.3'7)

2

5.3 Momentum/helicity operator

Definitions

In Section 5.2 we used the simultaneous eigenkets I i*" > of the Cartesian

momentum I'1 , P2,, P3 and of the z-component of spin 53 of a particle to define

the annìhilation operator F*.(p) (5.24).

The simultaneous eigenkets | åÀ þ] > of the Ca¡æsian momentum P1 , P2 , P3

and the heiicity ,A may be used as an orthonormai basis for the Hilbert space for

(5.36)
I a3 1,at.r as r; ar q' FI (Ð FI (Ð A (i, í, l, A) F (l) F (t,)^_
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a one-fermion system with rest mass r¿ and spin s. These eigenkem satisfy

r -- i I a'pln^@'l>< åÀþ] I

j:':"r

< å)(Ð I n^'(îl>- 6(i- q)6x¡'

(5.38)

(s.39)

Furthermo¡e,

< qht"lh^(Ð >: ó(i- q)D",,.¡@,g,0) (5.41)

,,,L^..^ /¿ .-.\ ^-^ .L^ ^-L^..:^^r -^r^- ^^^-r:-^.^^ ^¡ : ^-r rìJ / - D -\ ,^ .L^\¡'rrrç,r9 \u. y/ ¡¡.rç lrrç sPrrsll9.u PU¡d.l t/rJrJ¡ul¡¡.tlgò UI P 4¡rU Ututm\a) pt'f ) tS tLtç

rxiìtrix element of a rotation matrix. (We follow the convention of Rose (1957)

lol rotation matrices.)

Accordingly, in /'{.,', we define

F^(Ð - Ð r";.^(r,t,o)r-.(pJ
m'=-s

(s.42)

+s

t | æq I q,t, )( s-rn" I h^(í) >I ñ.À (p-) >- (s.40)



It follows f¡om (5.25) a¡d (5.26) that

r^tþJ I o r: þ, I åÀþl >,0,.

¡'À(?, lo>-o

)
(s.43)

(s.44)

and from (5.42) that

F*,(Ð : I a;.^1e, o, o¡rÀp1
)=-s

(5.45)

It follows f¡om (5.28) and (5.29) thatr

{r^¡,1,,eÀ'1q1}- o

{r'^1¿,r^'t101} 
: rt¿- ø)u.'r,

(s.46)

6.4',1)

A1so,

I Some col¡unr¡talors of products of fendo¡ creators aod aonihilators are giveD i¡ the APPeÀdix
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{r'-"{;),r^t{rl}-

{"-.to),r"tnl}

(*¡r "'u'' 
u oi*' r(p' o' o)

-- 6(i - q¡D\",¡@,0,0)

(5.48)

(s.49)

Comments

l. Fundamental dynamic¿l variables

(5.42) defines fundamental dynamical variables .f'À1p1 anO F)t(pJ fo¡ a system

of identical fermions each with rest mass m and spin s.

(5.46) and (5.4'7) are a fundamental algebra for the sysæm.

2. Transformation equation

(5.4-5) allow transformation from Fr(p] to F-"(p] given by (5.24).

3. One-fermion state

WlTen acting on ùe vacuum state, F)f (ri) ereates an elementa¡,v fermion with

momentum 1i rest mass nz, spin s and helicity À.

The general one-fermion state at time ¿ is

+3

l'l(t) >: D
l=-s I otpt^@,Ðr^t(pl Io t (s.s0)

and
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l,þ^(F,t) I "dtp (5.51)

is the probability that the fermion has momentum in the volume dpl dp2 dp3

about (p1.p2,¡r3) with helicity ) at time f.

¿rr(ii. l) is the momentum-space/helicity wave function fo¡ the fermion.

Fol a fermion with zero .rest mass which is described by a Hamiltonian which
is not invariant under space inversion

,¡À1p-, t; : 0 unless either À : *s or I : -s (5.52)

One- and two-particle operators

The operators (5.33) and (5.36) on f{." a¡e equal, respectively, to the one

ard two-paficle operators (4.47) añ 14.-56) on f Ei.

It follows using (5.45) that (5.33) can be written as

.+ - | a3nd3ø"I(i¡.q@,A)r(ql (s.s3)

where .F(pl is the matrix

|4



(:*)
F(p1= (s.s4)

an¿ fÌ(p] is the corresponding 2s * 1 row matrix, and whe¡e ,4(p-, q] is the

2.s * 1 by 2s { 1 square matrix of one-particle matrix elements

(A(i,îìtt, :< n\(Ð I ,4(¿) | å)'(,ll > (s.s5)

It folkrws using (5.45) that (5.36) ca¡ be written as

t : f a3 aa3 ú37t, ds q, Ft 1¡1yt i¡,a@, a,,;, n')r (A) r (l) (5.56)

where Al p, Ç,p', q' ) is a tensor of two-particle mat¡ix elements\./

(a(ø,a,il,i)) 
^,^,^, ^,

:f å^,(Ð I ,. 
h^"(Ð I A((¡,,€z) ¡ n^l (l,) ìl oü (øt) ì

(5.57)



5.4 Ham¡lton¡an for ¡nteract¡ng ferm¡ons

As in Section 4.5 we consider a system of identical nonrelativistic fermions
each with rest mass m and spin s inæracting with each other via two-body
potentials. For simplicity here we assume that there are no external poæntials
acting on the system a¡d we assume that the two-body poæntials are central a¡d
spin-independent.

The Hamiìtonia¡ for the system on /'¡å is given by (4.6a) with ¿/((d) : 0

aud

It foÌlows tì'om (5.15) and (5.18) that the Hamiltonian for system on fÈ,'is

H:T+V (5.5e)

where

v(e,,ett): v(t.f" _rBt) (s.58)

-# | o'"o'rÐvzFu'),1. 
- (s.60)

and
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(s.61)
v :| | a',a'a

r,1, ¡r, (ã + åì "' (u - ;ì.(u - åì "(u 
- åì

The va¡iables Il and r" in (5.61) are the centre-of-mass position and relative
positìon, respectively, of the inæracting pair.

It follows from (5.33) ard (-5.36) that (5.60) ancl (5.61) may be expressed
aìternativeìy as

urd

(s.62),: | æofil@)F(Ð

v -f, [ a'r,a'r'a'x

¡; - i ¡)rt(j* + i)r*(j,z -ù,(iu - *,)r(i* * r')
(s.eu'(l

v(l Ë'- t') : (#)' J atre;G1-Ê)"/nv¡¡ (s.64)



,: I o'rfirt@r@ (5.6s)

The va¡iable 1{ in (5.63) is the total momenrum of the inæracting pair and À/

and Ã: are, respectively, the relative momenta of the inæracti¡g pair which is
annihilated and c¡eated. Ë, - Ë ts the relative momentum transfer¡ed i¡ the two-
body interaction.

It follows from (5.53) a¡d (5.56) thal (5.62) and (5.63) may be expressed
alternatively as

Corn¡nenrs

l. Generalization

(5.59) describes a nonrelativistic system of fermions inæracting via central
spin-independent two-body poæntials given by (5.61).

(-5.59) can be generalized to describe a non¡elativistic sysæm of ferrnions
interacting via noncentral spin-dependent two-body potentials.

Hsieh (1979) contains such a generalization fo¡ a system of nucleons.

and

v -l I a'r,a3t'a3x

r'(ri: - t t)t(|ri *ù',(ïo -ù,(it - *)r(ix-,l,i),,,
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2. Creating ¡ !bys!ça! rþrmion

It follows from (5.59) that

HFI,þ) 1o >: fifi.1e¡ 1o > (s.67)

¡,1,. (p) I 0 > is a¡ eigenket of the Hamittonian fo¡ the interacting system.

When acting on the vacuum state, f,l.þ) creates a physical fermion with
mass ?ì¿. spin .s, :-component of spi-n ,r¿s, momentum p and energy p2 f 2m.

3. Physical particles and elementary particles

The elementary pafiicle of the theory is a physical particle when the Hamil-
tonian is given by (5.59).

This is not surprising. For example, (5.59) and its generalization to include
spin-dependent two-body inte¡actions describe nuclear systems for energies

belor;" the th¡eshold for producing pions. The elementary pariicìes of .ùe

theory are physical nucleons: one says "Nuclei a¡e composed of physical
n ucleon s."

4. Form of the interaction

There is no contribution f¡om (5.63) to the right side of (5.67) because (5.63)

contains two annihilators.

It follows that

vFI,@)lo>:o (5.68)
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Elementary partìcles are physical particles for every V fo¡ which (5.68) holds.

ln Chapter 7 we consider i¡te¡action in a sysæm of fermions a¡d bosons fo¡
which (5.68) does not hold.

For such a system, the elementa-ry particles are not physical particles.



Chapter 6 FOCK SPACE FOR BOSONS

ln this chapær we give the Fock space description of a system of bosons.

The system of bosons may be any of those lisæd at the beginning of Chapter

3. That is, it may, for example, be a system of

. photons characærizirg an electromagnetic fieldl

. phonons characterizing the lattice vib¡ations of a crystal

. pions o¡ kaons c¡eated in collisions of nuclea¡ projectiles

. gluons in nuclea¡ matte¡.

Whatever the system, each boson has inægral spin and all states of the system

u'e symmetric under permutation of the particles.

The Fock space description of a boson system is analogous to the Fock space

description oi a fe¡mion system given in Chapters 4 and 5.

Fock space and c¡eato¡s a¡d annihilators for bosons are defined i¡ Sections

ó. i ancì ó.2. These operaiors a¡e defined in ærms oí a denume¡¿bÌe sei of veciois
which form an orthonormal basis for the Hilbef space for a one-boson system.

Creatorì and annihilators labelled by a continuous variable a¡e deûned in
Sections 6.3 a¡d 6.4.2

I PbotoDs a¡d Maxwell's e4uatioDs as relativistic quaDtum ñeld e{uatioDs are discussed il detail il Qlfr
R¿lativistic Quant Ltfl F íeld Theory.

: We do Dot explicitly disc[ss relativistic qua¡þr.E Aeld tbeory. This topic is disussed nQlß: Relatìvirtic

Quantwn FieLd Thzory.
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6.1 Boson Fock space defined

l. Let
,þ : (.þ¡,rh,... ,rþn,.. ') t6.ll

where d,, is a vector in the r¿-boson Hilbert space b*:, (2.28).1

Each 1ó,, is of the form (3.31). ty',, is the component of t/ in öXi.

2. Addition of r,/-' and X : (Xo, Xt,. . . ,Xn¡. ..) is defined as

l, * x - (Þo * yn,4,1-¡ xr,. .. ,1Þ" * y",--.) (6.2)

3. Multiplication of y'-l by a sca-la¡ ¿ is defined as

atþ : (atþ6,aþ1,... ,a1þ",...) (6.3)

4. The scalar product of / and ¡ is defined as

þþ,ù =l{,t ,,,x,,)
1L=0

It is required that þþ,tþ) < oo for all ry'.

-5. The set of eiements ?y' is a separabie Hiiben space.

Comments

l. Boson Fock space ò,{."

The above Hilbert space is called boson Fock space. It will be denoted by
>tl

(6.4)

' ',t; i, de6ued i¡ item 4 of tbe CoE-EeDts list.



òÈ." is the di¡ecr sum of the Hilbert spaces ð,¡l (2.28) for all n. That is,

å'{." - ò*ð o òxf o...o åxi e ... (6.s)

lÊ denotes di¡ect sum.

2. States of the system

The unit noÍn vectors (6.1) in òE' correspond to states of the system.

The probabitity l',, thrt tle system has n bosons in it is

P'" =< ,þ" l rþ, > (6.6)

3. Components of r/.,

There is no conservation law for the number of bosons in a physical system.

1r' can have any number of nonzero components.

4. Hilbert space ò'Få

Ë*:' (6.7)

123



ð,F[ is defined to be a one-dimensional space.

The unit norïn vector spanning ò{.,fi is labelled | 0[00 . .] >.

5. Basis vectors for å,{.,"

A basis for ö,I¡" is the set of vecto¡s

I nlryn2' ' 'l > (6.8)

defined by

I o[00.. .] t= (t otoo r ì,0, )

1 11,1,2 . l r: (o, l 1 þ21n2 
. f ì, 0, )

l2[rt1n2'.tr: (0,0, l2ln1n2. f l,o, )

(6.e)

(6. i 0)

(6.11)

I nln1n2. . .l >
1¿

(6.13)

for all r¿ - 1,2, . -. is the symmetric determinant (3.23).

124



ò

t lnlnln2-.-l><nlnpt2'..1 l: r

1¿rLj1l2..

(6.14)

whe¡e the second summation on the right side is defined by (3.28).

Furthermo¡e,

< ttln1n2. I I n'ltl1n2. . .] t- 6,rrr,6,,,,,\6,,,,,1.. . (6.16)

6. Vacuum state

(6.9) is the vacuum st¿te of the system. It will be denoæd by | 0 >. That is,

| 0 >:l o[00...] > (6.17)

.x) b

_\- \-- ./- ,1-

b

\-
ZJ

tLÍlttL2...

(6. 1s)



7. General state of the system

The general state of the sysæm has the form

b

l.l(r) >: Ð lnln1n2...l><n[nan2'.'] l.r(t) > (6.18)
lL1Ll lL2 ..

<n[n1n2'..] l/,(f) > (6. r9)

is the probability amplitude that at time ¿ there are n bosons in the sysærn

with rz1 bosons occupying the single-particle staæ | B1 >, and 1¿2 bosons

crccupying ttre single-particle state I p2 >, and so on.

6.2 Creators and ann¡hilators

We define boson c¡eation and annihilation operators in this section. These

operators a¡e fundamental dynamical va¡iables for a system of identical bosons.
They obey commutation relations.

As with the fermion case, introduction of creation a¡d a¡nihilation operators
yields intuitive and elegant expressions for observables and basis states.

and
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Definitions

b

Bl= Ð ln¡tþ4n2
,11¿r1t2. .

..tt,!l-.1, Jrr, * t <n1n1n2...t"...1 
I

(6.20)

tl-om which

l)

R, : L I nlnln2. - - t¿,..'l > J,+ + I < n ! 7ln¡t2.. . n" * 1 . . .] I

t)1tttt2" 
(6'21)

where ] n[rr1n2 ..] > it the basis vecto¡ (6.8) in ù'!".

Ì+ f.,ì1,,,,,- f-^- /Á a^\ ^-,1 /Á .)r\ +L^+!\,¡l \u.¿v,/ 4rr|r¡ \u.¿r./ lrror

t)l I n[np2. . . r¿" . . .] > - Jn, + 1 I ¡¿ * l{,rtrrz... tL¡ * 1 .. .} > (6.22)

(6.23)



Bi to >: (o,lr";,0, )

.8"10>:0

(6.24)

(6.2s)

Comments

l. Boson creâtor

Rf is a boson creation operator or boson c¡eato¡.

When acting on an r¿-boson basis vecto¡ (6.8) with rr" particles occupying

single-panicle state | þ, >, Bj yields a¡ n * 1-boson basis vecto¡ (6.8) with
??1 + I particles occupying single-panicle state I P" >.

2. Boson annihilator

B, is a boson annihilation operator o¡ boson annihilato¡.

When acting on an r¿*1-boson basis søte (6.8) with n¡+1 particles occupying
single-panicle st'l.Íe | []r >, B" yields an n-boson basis state (6.8) with n"
pa:'ticles oeer-rpyrng single-partiele stâtc I li, >.

3. Creating an elementary boson

When acting on the vacuum sra.æ, BÏ creates an elementary boson with rest

mass r¡¿ a¡d spin s in single-particle state I B'. >.

4. One-boson state

The general one-boson state at time I is
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l,i(¿)>: f ø,{r)rl ¡o t (6.26)

tþ"(;t) :a 0 | B,lt(t) > (6.27)

is the probability amplitude that the boson is in.the søæ | þ, > at time f .

Commutation relations

It follows from (6.20) a¡d (6.21) thay'

lB", B"l: o

[a",aÍ] - 0""

(6.28)

(6.2e)

u,here [-4. .B] is the commutator of A and B .2

Basis vectors

It follows lrom (6.22) that the basis vecto¡ (6.8) may be expressed as rz

cleators acting on the vacuum state. That is,

I The proof of (ó.28) a¡d (ó.29) is simi.la¡ to the proof of (4.32) a¡d (4 33).
I Som" commutators of products of boso! cre¿tors a¡d a¡¡ihilaÌo¡s a¡e SiveD i¡ the Appendix



I iLL?11?r2 l r: -L,w(tl)"' (rJ)"' "' | 0 > (6.30)

whele

Ë"": t¿ (6.31)

The proof of (ó.30) follows on evaluating the right side usirg (6.22).

Comments

l. Form of the basis vector

(6.30) is a compact, intuitive and eiegant expression fo¡ the basis vector (6.8).

2. Manifest symmetry

1,. ,,1-,,, ^f /Á tQ\ ¡/Á ân\ :^ ,,-^L^---À ,,,L-- ^-,, +,,,^ ^-*:^l- l^L^l^ ^-^\u..¿ol, \u.Jw,/ rrr[/¡r o'r¡J IYYU Paruvre r¿ruerù .ue

interchanged.

(ó.30) is manifestly symmetric under particle ìnæichange.

3. Fundamental dl'namical variables

Each basis vector (6.8) can been expressed i¡ ærms of boson creators acting
on the vacuum s'úte. The set of creators and annihilato¡s deûned by (6.20) a¡d
(6.21) is a set of fundamental dynamical va¡iables for a system of identical
bosons.
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Commutation relations (6.28) and (6.29) are a fundament¿l algebra for the

system.

6.3 Quantum field operator

Definitions

ln Section 5.1 we deûned the fermion field operator F*,(t) (5.7) in terms of
the coordinate-space/spin representatives of a denume¡able set of vectoîs which

fon¡ an onhonormaì basis fo¡ the Hilbert space for a one-fermion system.

We follow an identical procedure in this section to define the boson field
()perat()r .B,,, 

" 
(r) by

B^"(i) :l ß"*"çt¡a,
r=1

(6.32)

where

ll,^.(i) =< im" | þ, > (6.33)

is the coo¡di¡ate-space/spin represent¿tive of I P, > (3.17). fiese functions
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satisfy

It follows from (6.24) and (6.25) that

and it follows using (6.34) and (6.35) that

,/\
Bl,.(7) I o t: (o.l Í,n" >,0,. .J

B-"(f) l0 >:0

(6.36)

(6.37\

(6.38)

+sf
t I d3rBi,,"(i)ì,..(r-) :5"u

I

| {ti*,{t) ít,^r (y-) : ó(ø- - e)6 *,*',

(6.34)

(6.35)



It follows f¡om (6.28) and (6.29) thatl

ln*1e¡, n*r1¡¡) - o

lø*"{Ð,alr{Ð] : uo-- a)6*,,n"

(6.3e)

(6.40)

Comments

l. Fundamental dynamical variables

(6.32) defines fundamental dynamical variables B*"(i) and ai^"14 for a

system of identical bosons each with rest mass rn and spin s.

(6.39) ¿¡d (6.40) a¡e a fi¡ndamental algebra for the system.

2. Transformation equation

(ó.38) allow transformation from B-"(ã) fo B, glen by (6.21).

3. Quantum field theory

R,,,.(Í) is labelled by the continuous variable i.

R,,,.(ra) is a quantum ûeld operator in the Schrodinger picture.

The description of a system of identical bosons using a quantum field as a
fundamental dynamical va¡iable is called quantum field theory of bosons.

4. One-boson state

When acting on the vacuum state, BL.(ã) creates an elementary boson at

I Some commutators of products of boso! creators aod annihilators de given io tbe Appeudix
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position ; with lest mass m, spin s arid z-component of spir rn"'

The general one-boson state at time ¿ is

and

I g^"(i,t) | 2d3 
x. (6.42)

is the probability that the boson is in the volume d'xd'ydz abo'tt the point

(r. y.:) with ¡--component of spir nr" at time f

1,,,, (.r-. f ) is the coordi¡ate-space/spin wave function of the boson'

One- and two'Particle operators

..f-L ^ ^-^-^+^-. /A Á<\ -^À (A 1Á\ n¡ /'f.s ,." enrrel ¡esnective-lv- to the One-r ¡rs (,Perú¡Ll,rr \4.-J,/ 4ru \TrJ-,/ v¡¡

and two-particle operators (4.4'1) nd (4.56) on t'lí,. (5.15) and (5'18) give these

operatofs in terms of fermion field operators. similar equations hold for a system

of bosor.ts.

The expression on ò,¡' corresponding to (5.15) is

.e -- | Ê,a3 u nt 1t¡.a6, ¡¡ a 6¡ (6.43)

t I Fnþ*.(í,t)Bl.t;) lo t (6.41)
I lr(r) >:
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(:r;) 6.44)B(.¡):

an¿ Bi(¿') is the corresponding 2.s { 1 row matrix and where A(í,y) ís a 2s * 1

by 2s * I square matrix of one-particle matrix element¡ (5.17 )..

The expression on boson Fook space ù¡," conesponding to (5.18) is

/ - -\
whele -4 lf . í. ,'a' ) is a tenso¡ of two-pa¡ticle matrix elements (5.19).

6.4 Momentum/spin and momentum/helicity operators

ln Sections 5.2 and 5.3 we defined fermion operators F-.(pl (5.24) and F^(Ð
(5.42) 1n terms of F,-.(i.) (5.7). An identical procedure is used to define boson

operators B,-.(fl nd Bì(pl i" terms of B*,(i) (6.32).

lndeed, equations fo¡ bosons are identical to equations in Sections 5.2 and

5.3 but with F replaced by B and anticommuto¡s replaced by commutators.

,t : I a3 . a3 u a3 r' rI3 y' BI 1i¡ BI (ù A (r,s, ;,, y'.) a (a',) a (;) (6.4s)





Ghapter 7 FOCK SPACE FOR
FERMIONS AND BOSINS

In this chapter we give a Fock space description of a sysæm of fermions and

bosons in inte¡action.

The description given here is not Lorentz i¡va¡ia¡t and it does not use

lelativistic quântum fields.2 Funherrnore, for simplicity we suppose that the

fèrmions and bosons are sPinless.

The fermion-boson system conside¡ed ín this chapter is thus not a physical

system: it is instead a prototype for the physically inæresting systems listed at the

beginning of Chapter 3. That is, it is a prototype for a sysæm of

. electrons and photons3

. electrons and phonons

. nucleons urd pions

. quarks and gluons

Our purpose in describing the prototype system is to illustrate some points

¡rbout fermions and bosons in inæ¡action which a¡ise is the mo¡e physically

interesting systems.

The Hilbert space for the prototype system is a direct product of a fermion

Fock space and a boson Fock space. Fundamental dynamical variables for the

sys@m are given in Section 7.1.

1 Relativrsric quantul¡ feld rbeory is discussed in QLB. Relotivistic Quantum FieLd Theory.

3 An i.DtroductioD of quaotro elecüodÞamics, òe ¡elativistic quaonrm 6etd theory of iDteracti¡¡8

electrctrs. posittoDs aod pbotoot, is g¡veo ln QI'B: ReluivLstic Qtantum FieLd Theory'
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The fermion-boson t¡ili¡ea¡ inæraction is discussed in Section 7.2.

The dressing t¡ansfonnation method for expressing the Hamiltoni¿¡ in terms
of creators and annihilato¡s for physical particles is given in Section 7.3.

The dressing tra¡sformation fo¡ tlre trilinea¡ inæ¡acúon is given i¡ Section
7.4. Included there is a derivation usi¡g the dressing tra¡sformation method of
the Yukawa potential for interacting physical fermions.

7.1 Fundamental dynamical variables

We conside¡ a system of spinless fermions and spinless bosons. The Hilbert
space for the system is the di¡ect product of the fermion Fock space discussed in
Chapters 4 and 5 and boson Fock space discussed in Chapter 6.

Fundamental dynamical va¡iables for the system a¡e the fermion c¡e ator FI (fS
and annihilator F(pl and the boson creator Bt(p] a¡rd a¡nihilato¡ B(fl. F (7\ na
Iì(f1 arc the spinless ve¡sions of the opemtors defined in Chapærs 5 and 6.

Fe¡mion and boson va¡iables satisfy anticommutâtion and commutâtion rela-
tions. respectively. ln addition, fermion variables commute with boson variables.

Comments

l. Number operators

The fermion and boson number operators are

r,r¡: I a'ert6161 (7.r)
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Nb: I æpBI6)B(p) (7.2)

F: I a'r,fln¡(Ðp(p1+ at6¡a61f (7.3)

2. Momentum operâtor

The momentum operator for the sysæm is

3. Free-particle Hamiltonian

The Hamiltonian for f¡ee fermions and bosons is

u' : I a3pl, ¡@)Ft(ÐF(pJ +.¿(p)Bt(p)B@11 (1.4)

.¡(p)=

,Áp):

Fe +-'¡

,ø"' .,,¡.^

(7.5)

(7.6)

where p2 : f . f nd where nz¡ and nz¡ are the rest masses of the elementary

fermion a¡rd boson, respectivelY.
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4. Vacuum state

The vrcuum state | 0 > contains no fermions or bosons.

rþll0>:B(pll0>:0 (7.7)

5. Creating elementary fermions and bosons

When acting on the vacuum stüÊ, F1@1 creates a elementary fermion with

fest mass ?rìl, momentum y' and energy e1(p).

When acting on the vacuum state, BT(p-J creates an elementary boson with

rest mass ??¿¿J, momentum p- and energy e 6(p).

7.2 Trilinear interaction

We suppose that the Hamiltonian f1 fo¡ fermions and bosons in i¡æraction is

H:H^)-H. (7.8)

where 11¡ is given by ('7 .4) and where

h : I a31,a3,t h(i,í)F+@ - î)F(p)Bt@)-¡ adjoinr (7.e)

where /r(pt,g-l is some function.
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t-i + .,"'î
*,." l'

'f
Figure ?.1 Trilinezr i¡ter¿crio¡

The integrand in (7.9) can be represented pictorialy as given in Figu¡e 7.1.

t.

Commenfs

n-omenclature

(7.9) is the rilinear inæraction. h(f, Ç) is the veræx funcrion for the trilinea¡
inte¡action.

Conservation of fermion numberi nonconservation of boson number

(7.9) conserves fermion numbe¡

[r,,,artt] : 6 (7.10)

but not boson number

lHt,Nb) + o (7.il)

3. Protott'pe Hamiltonian

(7.9) is the simplest fcrmion-boson interaction which conscrves fcrmion num-
ber and allows creation and annihil,ation of bosons.

(7.9) is a prorotype fo¡ a number of sysæms of interacting fermions and
bosons.

i
fqÐ

?-1,



4. Bare and physical fermions

It follows from (7.4) a¡d (7.8) that

HoFÏ(p) | 0 >: r¡(p)Fr(t) I o >

H FI@) lo >+zî(p)FI(Ð lo >

0.12)

0.13')

for any function ã¡(p1.

ln view of (7 .1Ð, Ft @1 does not create a physicâl fermion when acting on
the vacuum state.

In view of ('l.IÐ, Ft (Ð is said to create a ba¡e fermion when acting on the
vacuum state.

nt ¡ in (7.5) is the ¡est mass of the bare fer¡nion.

5. Creation operator for a physical fermion

The creation operator Ftpl for a physical ferrnion saúsfies

for some function 7f@) . ff (7.8) describld a Lorenrz invariant sysæm it
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u¡r1(Ð Io >: Frfu,l lo >

F rt@ lo >- iFt(r,l lo >

H pI(Ð lo >-4çp1rt19 ¡o >

(7.14)

(7.1s)

(7.16)



would follow that

p2"2 + ñ?"a?¡b) = (7.17)

fi¡ is the rest mass of the physical fermion.

6. Physic¿l-fermion eigenket

The physical-fermion eigenket f]",,tù l0 > has rhe form

Ft(¡rlo >: riþl lo > +tcj(pl lo > (7.18)

whe¡e

+c<,
I

/ ,1(Ð l0 >: I ,Itr,...tl3p,,-,6(i, -t-...+ ri..,' - ¿a.

!_,

..(ù,' . ., iî"+t, fl Bl 1¡i) . . . Br (i,,) Ft (i,,+r ) | 0 >

('t.19)

whe¡e the functions 
"(pt,... , Þ-,"+t, p-) a¡e detennined by satisfying (7.16).

7. Cioud of bosons



(7. l8) is interpreæd by the statement

The physical fermion is a ba¡e fermion sur¡ounded by a cloud of bosons.

7.3 Dressing transformation

ln this section we introduce a unitary transformation of the elementary particle

ope¡ators F(pl and B(¡f which yields operators F(fi and B (f¡ for physical

p¿Lrticlejì. The transformation "dresses" bare va¡iables to yield physical va¡iables.

We write

F1p1 : rt r¡e1ut

817,1- ualpu+

(7.20)

('7.21)

where

tt D

DT:_D

(7.22)

0.23)



Comments

I . Dressing transformation

The unitary transformation ('1.22) ís the dressing tra¡lsfonnation.

1) is the dressing operato¡.

The strategy for determining D is given i¡ ltem 7.

Funher details of the dressing t¡ansformation method are given in Greenberg

(1959), Schweber (1961), Hearn (1981), James (1982), Hearn, McMillan and

Raskin (1983) and Cropp (1996).

2. Fundamental dl'namical variables

Because {,' is unit¡ry, F1p] -A ã(p] -¿ their adjoina obey the same

xn¡icommutation a¡d commutation relations as do F(p] and B(p] and thei¡

adjoints.

F(1, an¿ ã(pJ *o their adjoints a¡e fundamental dynamical variables fo¡ a

system of fermions a¡d bosons.

3. Expressions for operatP¡!

Every operator ,4 may be expressed in terms of the variables F(fl na B(fl
and their adjoints.

We wriæ

A - A(F,B) (7.24)

and in view of 0.20], and (7.21),



U A(F, B)Lrl : ,4 (F, B) (7.2s)

.4( F.B\ is obtained from,4(F, B) by replacing F by F and B by É.\"/

4. Invariance of the d¡essing operator

It firllows ftom (7.22) and (7.25) that

D(F,É): D@,8) (7.26)

5. Dressed Hamiltonian

It follows from (7.25) and (7.26) that

H(F,B): x(r,a) (7.27 )

where

x(r,n) - "-o(r'Ð n(F,B)"D(r'q (1.28)

(7.28) deûnes ?/ in ærms of H and D.
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?f (F , E) is the Hamiltonian expressed in terms of d¡essed c¡eato¡s a¡d

annihilators; ff(F,É) is the dressed Hamiltonian.

ó. Choice of D; physical-particle eigenkets

D(F,E) is chosen in orde¡ ttrat F11p1 | o > ano E\@ l0 > are eigenkets

of the dressed Hamiltonia¡. That is,,(F,ã) is ctosen i¡ o¡der that

n(r,a)F+ 6l o >: ãr(elFiû,1 I o >

H(ÈÊJ)Ê]t@lo >:?ô(p1ãt(r,1 lo >

('7.2e)

(7.30)

1ìrr some functions ã¡(p) and ã¡(p)

7. Strategt' for determining fhe dressing operator

('1.29) and (7.30) hold if, apart from the terms

FIF and ã18 (7.31)

there are no terrns in Q .28) which contain only one annihilation operator.

That is. (7.29) a¡d (7.30) hold if (7.28) does not contai¡ terrns of the form

FlFEt, FtpsIEt, etc. (7.32)

I) is chosen in o¡der to eliminaæ ærms of the form (7.32) from '11.
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7.4 Dressing the trilinear ¡nteraction

/- -\The operator H ( F, B\ for a system of fermions and bosons inæracting via'\./
the t¡ilinea¡ i¡teraction is

whele H,liÀ) -¿ H:(FE\ a¡e siven by Q.Ð and (7.9) with F replaced
^ "\ / '\^. ,/

bi, F and B replaced by B.

The real parameter À in (7.33) is an order-counúng parameter which ca¡ be

set equal to unity.

\\¡e write n(r,a) i¡ the form

¡: f )"D" (7.34)

and substituting (7.34) into (7.28) yields

H (F,E) : H,(F,B) + ra, (4r) (7.33)



'11 = Ho + À{I11 -¡ lHo, Dt)}

+r'?{ tar, ar} + f,[no, n-,], ol + lno, Dz)]

+.r'{}rta,, Dt), Dtl+ 
}[[[ao, 

a,], r,1, r,t]

+.r3 
{ 

tør, n,) + }[n o, D tl, Dz] + f,ïn o, orl, nr I + [r/o, r', ] * 
r,å.1'

Comments

Dressed Hamiltonian

(7.35) gives the dressed Hamiltonian in ærms of the known operators 110 and

rY1 and operators D1,D2,... to be determined.

Determining tlte I),,

-Jhe f),¡ are chosen i¡ order to eliminate terms of the form (7.32) from (7.35).

This can be done ordär by order in À.

Expression for I)r

H. (F B\ siven by (7.9) contains a term of the form (7.32).'\ ./ -

k follows from (7.35) that Dl is chosen in o¡der that



lH¡, D1j : -pt 0.36)

It foilows from (7.4) and (7.9) that (7.36) holds if

n1 : .f as1'a3q ¿t(?j,îtit6- ûF@etfî)- acljoint (7.37)

h(p,,t)
a7l?, q I : - -;-=-=

a(p, ql

L@,Ð :.¡(l d- ,7- l) + ea(ç) - e¡(p)

(7.38)

(7.39)

whe¡e

4. Dressed Hamiltonian

Substitution of (7.36) into (7.35) yields

'tl: Ho + ñ{f,rn,,n,1+ ¡n,,n¿}

+.r' 
{ 1 tta,, tt t), D i + f;ln,, Dzl, D tl + }lu',, nr)+ tri., r3l } 

o'40)

+o()4)



(7.40) gives the dressed Hamiltonian wittr D1 given by (7.37)-

-5. Choice of I)r..Dr....

.D2 is chosen in order to eliminate terms of the form (7 .32) n the À2 term

in (7.40).

Substitution of D2 in the )3 ærm in (7.40) yields a new equation for the

dressed Hamiltonian.

1)3 is chosen i¡ o¡de¡ to eliminate terms of the form (?.32) in the 13 ærm in

the new equation fo¡ the dressed Hamiltonia¡, and so on.

Hamiltonian dressed to second'order

For srmplicity in the remainde¡ of this chapær we assume that the venex

tinction in (?.9) depends only on the boson momentum and is real' That is,

we tùke

h(í,û - h(q)

h. (q) : h(q)

('7.41)

(7.42)

Retaining only the À2 ærm in (7 .40) aftsr the above choice of D2 yields an

approximation l-(.2 to the dressed Hamiltonian'17; 'llz is the Hamiltonian dressed

t(ì second order.
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It follows on substituting ('7.37) 1n the 12 ter¡n in (7.40) that

v,,:f, | a'na'r,'a'x

rlr(í F, x)rt(iri.)r'(i,i -t)r(j'i -n)r(!rr - -l)*,

,,u:Tla'*a'u'a'r

i 7, (,:, ü, r) ør ( j rt * t) ø, (|n - Ù 
u (iu - ø) r (|* * r).'u,

112:T*V¡¡*V¡t (7.43)

, : | øf,rnFt @tFrÐ +z¡¡1at çpãçp) (7.44)



l¡(pl: ,¡(p) - s' I a't!9

4(Ð: q(p)

(7.4'.7)

0.48')

/r - i\

vff\k,kt,K )

_^rhr(ll-_ lr l)

^(å/î- 
Ë"t-ñ)

+À <+ At

('7.49)

: ),å(l |t -ir),(t

1

-Ð

io -n,)ii, (

r

t

)=

1

;.:
*K

k, k,,

/
'U

,K

=-K,

(7.s0)

+fr .+ å'

The right sides of (7.49) nd (7.50) can be represented pictorially as given
in Figures 7 .2 tnd 7.3.
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I I -*
*"Ê I ::- 1'*'
{,.t'ï {*"''

--':i I ,.-:'
Èr rlr + < 'L3-4

t:
1"

aË-i2rJ 1Ê.Ê'

Figure 7.2 F€r¡r¡ioD-fqnioD potenúal

É?.î + ¿î-î*,
).// Iar'

-./ y
. t..l:î, I ¿;,t':- ¿--

Figure 7.3 FÉrDioD-bosoD poteDtial

Commenb -

L TU'o-body potentials



(7.43) contains potentials V¡¡ and V¡o between two physical fermions and a

physical fermion and a physical boson, respectively.

The dressing transfonnation method thus gives a derivation of these two-
body potentidls.

2. Fermion-fermion potential

(7.49) expresses the momentum-space ferrnion-fennion poæntial i¡ ærrns of
the vertex function (7.41).

The right side of (7.49) is negative; the force is attractive.

Regarding Figure 7.2, the fermion-fermion poæntial a¡ises because of boson

exchange between the pair of interacting fe¡rnions.

3. Fermion-boson potential.

(7.-50) expresses the momentum-space fermion-boson poæntial in terms of
the veñex function (7.41).

The two terms in the second line of (7.50) have different signs; one term

gives an attractive force, the other gives a repulsive force.

4. Bare mass in terms of physie¿ì mass

The rest mass ñr¡ of the physical fermion is defined as

ntf : ( flv ) lc- 0.s1\

The mass rrz¡ of the ba¡e fennion is not observed; it is deærmined f¡om



- . \2 f ,.r, lr'(s)
7nr : m t * A J 

o", rrtr1 
"ø - 

*r"¡ ('7.s2)

5. Higher-order terms

The )3 term in (7.40) contains tenns of the form

Ft Ft Bt FF and FIFIEFF 0.s3)

These terms correspond to boson production a¡d annhilation i¡ a fermion-
fermion inte¡action.

Terminating the dressing operator series

(7.34) terminaæs at the fust ærm, that is,

D,,: O n : z,ó,... 0.54\

when the approximation

L@,í): ,¡(,t) (7.55)

is made in (7.38).



Comments

I . Fermion-boson potential

Approximation (7.55) yietds

v¡r(k,tt',t<):g (7.só)

2. Fermion-fermion potential in momentum space

Approximation (7.55) yields

/- - -\
l i/ {\À, u,1i.) : -2^,h, (lË - Ë, l)

.,(td-dt) = v¡¡(t r- - ri t) ('7.s7)

('7.51) is a momentum-space fertrion-fermion potential with depends only on
fl.ìe momentum transfer¡ed between the inæractirg pair.

3. Fermion-fermion potential in coordinate space

ìt folÌows from (5.64) that the fermion-femion coordinate-space poæntial is

v¡ ¡(r) : I a3q"iírlñvr,1t7 (7.s8)



Yukawa potential

It follows from (7.58) that

Vrfþ'): -se-Pr f r (7.s9)

(7.60)

Comments

l. Yukawa potential

(?.59) is the Yukawa potentia-l for inæracting ferrnions.

(7.-59) was derived by H. Yukawa in 1935.

2. Range of the Yukawa potential

g: gst¿c

rnbcp: 
h

(7.61)

('7.62)
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1 I ¡t. is the range of the Yukawa poæntial

The rarge is equal to the Compton wavelength of the exchanged boson,

Yukawa used the known range of the nucleon-nucleon poæntial to predict the

existence of a boson with rest mass 140 MeY f c2. The pion was discovered
in 1947.

3. Form of the vertex function

The factor llJrb@ in (7.60) appcars in the expression for the scala¡ field

/(r) defined n QLB: Relativistíc Quantum Fiel.tl Theory.

4. Infinite bare ma.ss

The inægral n (7.52) diverges when approximation (7-55) is used with (7.60).

The ba¡e mass rnf in this approximation is infrnite.



Appendix: Two distinguishable particles

ln this appendix we consider a system of two distinguishable spinless particles

to provide ar example of the di¡ect product forrnalism discussed in Chapær 2.

4.1 Coordinate-space wave function

The Canesi¿¡ coordi¡ates *t a¡d Ìz of the particles are

xt--xØ7

*z=tø*

(A.l)

(A.2)

u,ith spectral decompositions

- î^Xr:Jdrrdislii>í<ííl

- r^,, = .l dótdrs I ii > a- < ií I

(4.3)

(4.4)

r: la3'atulíi><iíl (4.5)



(A.6)lEi>:lt>rlíl

< ii l r'g' >:< ã | "' ¡< U' I a' I

: aþ- - ;)a(r - a,)

(A.7)

A state ] ,'(f) > of the sysæm at time t can be expressed as

where r,'(rÍ. ø-. 1) is the coordinate-space vvave function of the state, that is,

,þ(i,a',t) :< ii I tþ(t) > (A.e)

l rþ@,s',t) | 
2d3xd3y (4.10)

I r,(f) >: I a3'a3u ú@,s-,t) | ií > (4.8)



is the probability at time ¿ that pafticle I is in the volume d3.r about ø- and

panicle 2 is i¡ the volume d3y about y7.

The average positions of particles I and 2 in the state l rþ(t) > are, respec-

tively,

4.2 Transposition operator

The transposition ope¡ato¡ Il for the system coÍesponds to transposing the

two particles and is deflned as

It follows that

ili:r

il2 -_ 1

(A.14)

(A'.15)

(A.11)

(A.12)

- î^ ^
,t.U ) I Xt l,þft) >: J d3 rtt3a i | 1þ(i,a',Ð l'?

- t^ ^
1þ(t\ | N, l,/(f) >: .l d3td3u y- l,þ@.í,t) I 2

il: ldrrd3ulii><iúlI "'" (A.13)



The two permutâtion operato¡s II and 1 form the symmetric group 52.

It follows f¡om (4.3) and (4.4) that

n*.¡t : i,

n.f,lI - -i,

(A.16)

(A.17)

The state n | ,rt(t) > is the state of the system when particles 1 and 2 ir the

state I r,L(l) > a¡e interchanged. lt follows that

,þn@,v-,t) :< ii I n I ,/(¿) >- 7þ(i,í't) (4.19)

n | ?i,(r) >: t a3,a3a g¡1@,{,t) | iy'> (4.18)



4.3 Orthogonal projectors

The symmetrizer II" and antisymetrizer flo for the system are defined by

n":j{r+n)

n-:1rr-nl-2'

(A.20)

(4.21)

It follows that

II,+IIo:1

II"II¡: 11"6"¡ (.,f : 
",o)

(A.22)

(A.23)

IIII, : II,

IIII¿ = -flo

(4.24)

(Á..2s)

Il., and IIo are a compleæ set of orthogonal projection opeÉtoß fo¡ tt¡e two-
body system.

and



A.4 General state of the system

A general state I r/(t) > of the system cân be written as

| ,r(¿) >:l ,lr"(f) > + l,þ"(t) > (A.26)

I d.,.(¿) >: n" I '/,(¿) 
> (e : .s, a) (A.27)

from which

< ,/,,(¿) I ,þ.(t) >: O (A.28)

I , ,."(7 ) > and I rr.'"(t) > are the symmetric and antisymmetric components,

respectively. of I l(t) >.

l?,'"(1) > ano l?a(¿J > can oo wrrrtçll ¿lr

(A.2e)

(A.30)

| ú.(t) >: I a',a3u I Ef > tþ"(i,y',t)

| ,þ"(t) >: I at ,a'u I ií > ú"(i,í,t)



,þ 
"(i, a-, t) : |W {t, o', r) +,þ @, i, t)l

,þ "(i, a', t) : f,g, fr, r', O -,þ @', i, t)l

(4.31)

(4.32)

tþ 

" 
(f , i, t) : ¡tþ "(i, 

y', t)

,þ 
"(y', 

i,, t) : - 1þ 

"(i, 
y', t)

(4.33)

(A.34)



Appendix: Three distinguishable particles

ln this appendix we consider a system of th¡ee distinguishable panicles to

provide an example of the comments about the symmetric group ,5,, given in
Chapter 2.

8.1 Permutation operators

We define the three-panicle basis st¿te I r'.sl > by

lrsf>:lr;ls;lt> (8.1)

whele prnicle 1 is in single-particle state I r >, particle 2 is in single-particle

state I s > and particle 3 is in single-panicle state I f >.

The single-particle states | 1 >, | 2 >.-.. are assumed to span the one-

palticle space, that is,

il"><'l:r

(rls>=ó""

(8.2)

(8.3)



The six permutation operators Ill,IIz,. . . ,IIe fo¡ the system are

It follows that

I]l=il" (a:1,2,...,6) (B.10)

¿nd that products of two permuøtion operato¡s are as given Table B.l.

The six permutation operators IIl,IIz,...,116 form the symmetric group S'3.

168

nt : Ð lrts >< r-sf 
I

nr: D lfsr >< rsf 
I

n,: Ð lsrl >< r-sf 
I

1,s,¿=1

nn = Ð lfrs >< r.sl 
I

nr: Ð lstr >< rsf I

rx)

nu: I lrsf ><rsúl

(8.4)

(8.5)

(B.6)

(8.7)

(B.8)

(B.e)



II1 [12 Is IIa II5 Il6
ll1 llo IIa II5 IIz I]: II1

I]: ll¡ Il6 IT¿ II¡ I11 112

fl¡ Ia Ils IIo II1 Ir fl¡
IIa lI2 IIg IIr Il6 fI¿ II+

ll5 II3 Ilr lIz IIs IIo II5

II6 III II2 []: Ila IIs II6

Table B.l MultiplicatioD table for perEutalion opemtors

Comments

I . Notation

The permutation operators IIl, flz,.. . ,116 are alternatively labelled as

ll:s, Il¡r, fl12, fI123, fl32¡, 1 (8.1r)

respectively. Equivalent labellings result using

IIo¿ : IIò¿

flo¿" : II.o¿ : II6.o

(8.12)

(8.13)

2. Order of m¡¡ltiplications



MultipLications in the table a¡e done in the following order:

TI ¡i,st colum,,fI firs! toto (8.14)

3. Odd and even permutations

The multiplication table has the general form

T-r 
- 

T-I ^- Tr ^. fI-ttodd - tt l

fl"o"rr: IIa or II5 or 116

lFr l Rl

G.19)

4. Transposition operators

The odd permutation operators I[1,II2,II3 are transposition ope¡atoß since

they correspond to a transposition of two of the th¡ee particles in the sysæm.

odd odd = "r"n

lr 
"u "rrfl.o ",,, 

= fr 
", "r,

fI o d.,Ì1 
"o "," 

: fl e,t enfl o d d : n od.d.

(8.1s)

(8.16)

(B.17)
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It follows from (8.15) that each of the even peflnutation operators IIa,I15,116

is the product of two transpositions.

B.2 Orthogonal projectors

We define operators Il",flo,II- by

It lbllowiì that

Il"+IIo+Il--l

II"I1¡ -Í1,6"¡ (e.,J - s,a,m)

(8.23)

ß.24')

n" : f{nr * Ilr * IIs * II¿ * IIs * IIo)

n" : f{-n, - IIz - fls + II4 + IIs + 116)

r--Jnu-]{no*n,¡

(B.20)

(8.21)

(8.22)

Funhermo¡e.



IloII" - II,

IIe¿¿Ilo = -llo

fl"u"rrflo = flo

,)1
flnllu,::il"-i(np+nì)

(a - 1,2,... .,6)

(o: i,2,.-.,6)

(a:1,2,..',6)

(a,þ,t -1,2,3

(8.2s)

(8.26)

(8.27)

cyclic) (8.28)

lÌ.. f1,,. f1,,, are â complete set of orthogonal projection operators for the th¡ee-

bod¡, system.

8.3 Symmetr¡c, ant¡symmetr¡c, mixed basis states

S/e define states I r.s¿ l, | ""t ;', I rsf > by

I rsl >: ./õ'I" I rs¿ >
s

I rsf >- ,f6Tl"lrst >

lr.st ¡- $n^1,-*,

(8.29)

(B.30)

(8.31)



. 7t
lr.st ¡: j(lrsz > * lr.sf > +2 lrsr >)

vo\ 3 aL tn,,
G.32)

It follows .that

and

< rsf I r-si >: ó.¡ (e, I = s,a,m) (8.33)

Furthermore.

IIn I rsl ¡=l r.sl ) (a = 7,2,,ss

Ilo¿¿ | r.st;'- - lrsf >øo,

fl l--J --l--r -¡¡eue?¡ | r <r¿ .2-l r.\r, 2

(8.34)

(8.35)

TD.JU,,

(o,þ,1 - 1,2,3 cyclic)

(8.37)

"'bJ

rrn r, si;: 
rÆln" -f,rru+ n,,)] ¡ *t >

I r'.sl >. I rsl >, I r..sl > are symmetric, antisymmetric and mixed basis states,

respectively.
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I r'.ç/ > and lr.s/ > mav be written as
sa

rr.s,,=å",-r"lili
lr¡
l"ì
l¿>,2

(8.38)
l"ìl
l;l I

lr'..¿ >- A'at/6
ll'ì l,ì

detlls> I.ì
ll¿ > l¿>l' I ' 2

I,ll
r"ål
Ir>l
' 3l

(8.39)

u'here <let denoæs determinant ard s3rnr det denotes a determinant which has

plus signs in its definition ¡ather than minus signs.

The right side of (8.38) is manifestly symmetric under particle inærchange.

The right side of (8.39) vanishes if any two or r,s,¿ are equal because the

value of a deærminant vanishes when any two rows are equal.

The right side of (8.39) is manifestly antisymmetric under particle interchange

because the value of a determina¡t changes sign when any two columns are

interchrnged.

8.4 General state of the system

A general state | {r(t) > of the system can be writæn as

| 1r(i) ¡:l ,r,(t) > + l,þ"(¿) > + l rþ*(t) > (8.40)

t74



| ú"(¿) >: II" I ,/(l) > (e: s,,a,m) (8.41)

It follows that

I ,.."(¿) >, | ,rr"(¿) > nd I tþ*(t) > are, respectively, the symmetric, anti-
symmetric and mixed components of I r/(Z) >.

< ,¡.(¿) | tþ¡(t) >:0 (",Í = s,a,n¿; e# f) (8.42)



Appendix: Some commutators

We give some commufa.tors of products of fermion and boson creators and

annihilators in this appendix.

The right sides of all equations a¡e written in normal o¡der. That is, all
creat()rs ùe written to the left of ali annihilato¡s.

C.1 Commutators for fermions

The following commutators ¡esult from the anticommutation ¡elations (4.32)

and (4.33) and from the identities given in the appendix of QLB: Introductory
Ti4tic.s-

lr,,rir,): nil

[.j,"Jn] : -r',ió*

(c.1)

(c.2)

l,¡l
.LF,,FJ4l : Ft'6,"- Fl6,t

[+,an] =Ft6,"_ F"6,t

(c.3)

(c.4)

[rJ¿,4¿] - FlF"6"t- F]F"6,u (c.s)



where

Comments

I . Commutators involving field operators

The anticommutation ¡elarions (5.11) and (5.12) and the identities given in
the appendix of QLB: Intoductory Topics yield a set of identities similar to
the above.

For example, corresponding to (C.l) is

fnrel, 4talntat] : Ft(iù6(í,- z-,)ó* (c.14)

2. Commutators involving momentum and spin

The anticommut¿tion ¡elations (5.28) a¡d (5.29) nd the identities given in
the appendix of QLB: Intoductory Topics yield a set of identities simija¡ to
the above.

For example, corresponding to (C.1) is

f+ O,-' ), 4tr-" )ntri l] = nO,; lal F, = f") 6, 
"

(c.1s)

t -io,rjr, (c.13)



lL/l

I L J -- / 
|

lnlnf n nl -[r rr srr rr t.1 -

: Fl(F,6d- F'rá,") + F:(n6,,- Fu6,ù - á,,,ás¿ * 6"u6,t

(c.8)

fr,,rlrir,r,f: (4r^ - ria,,)r"r,

lfl,r!rlr"r,l - plpi@,d,,- Fu6,u)

(c.e)

(c.10)

[rjn.r,trJ¿¡.] =
(c.11)

= FJ (rl,¿ 
", - rj a 

",) 
r,r- + rj rjlr-a,, - Fu6,-) F"

t
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3. Commutators involving momentum ând helicity

The anticommut¿rion relarions (5.46) and (5.47) and the idenúties given in
the appendix of QI,B: Introductory Topics yield a set of identities similar to
the above.

For example, corresponding to (C.l ) is

[o"ø" ), a"t(o-")¡'(pi)] : F (Fr)6 (p, - p-,)á," (c.r6)

C.2 Commutators for bosons

The following commut¿tors result from the commutation ¡elations (6.28) and
(6.29) and f¡om the identities given in the appendix of eLB: Introductory Tbpics.

fa", 
nla,l = B$,"

[ri,aJr,] : -sl6.t

(c.17)

(c.18)

fa,, aiat] - 81.6," + 8!6,1

la!, a"ar] : -8¿6," - 8"6,¿

(c.i9)

(c.20)

[aja", n]a") = BIB*6". - 818"6,, (c.2r)



eA Bre-A : e-ø' Br (c.22)

e:la,AlB, (c.23)

Comments

l. Parastatistics

That the commutators (C.l) for fe¡mions a¡d (C.17) fo¡ bosons have the

same form has given rise to the notion of parastâtics.

2. Commutators involving field operators

The commutation relations (6.39) a¡d (6.40) and the identities given in the

appendix of QI,B: Introductory Topics yield a set of identities similar to the
above.

For exampie, corresponcÌing ro (C.i7) is

fr,1;"1. 
rjl¿; B,(iù]: Bi(it)6(i, - ã")ó,, (c.24)

3. Cornmutators involving momentum and spin



The commutation relations analogous to analogous to (5.28) and (5.29) and
the identities given in the appendix of QI,B: Introductory lopics yield a set
of ìdentities similar to the above.

For exarnple, corresponding to (C.17) is

la, ç¡,¡, al6"¡ a,g,i)] : Bt(ít)6 (F, - p-")ó"" rc.25\

4. Commutators involving momentum and helicity

The commutation relations analogous to (5.46) and (5.47) and the identities
given in the appendix of QLB: Introductory Topics yield a ser of identities
simila¡ to the above.

For example, corresponding tc (C.17) is

C.3 Commutators for fermions and bosons

Commutators fo¡ fermions and bosons are derived from (4.32),(4.33), (6.28)
and (6.29) and from t¡e results given in the previous sections.

[a. 
p-, ¡, r"t 1¿ ; r' 6-,;]

fa'ç¡',¡, 
n"t ç'"¡at ç7,r1]

: Bt(ù)6(i, - p-")á",

- Br(p¿)6(p" - p,)ó,"

(c.26)

(c.27)



The followhrg commutâtor a¡ises i¡ the calculations in Chapær 7.

frj r"a,, rlr"all :
- F: FJF"F,6tu + F: BLF,B¿6"u - FJBLF"B16,, + F: Fo6su6t*

(c.28)

Commutators involving other variables

Commutators involving fermion and boson field operators, or momentum a¡d
spin operators or momentum and helicity operators a¡e simila¡ to the above. The
examples in the previous sections illustrate the appropriaæ correspondence.
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