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Mixed-State Quasiparticle Transport in High-Tc Cuprates
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Theory of quasiparticle transport in the mixed state of ad-wave superconductor is developed und
the assumption of disordered vortex array. A novel universal regime is identified at fields
Hp ­ cpHc2sTyTcd2, characterized by afield-independentlongitudinal thermal conductivityke

xx . It is
argued that this behavior is responsible for the high-field plateau inke

xx experimentally observed in
high-Tc cuprates. [S0031-9007(99)08562-2]

PACS numbers: 74.60.Ec, 74.25.Fy, 74.72.–h
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Properties of the mixed state of high-Tc cuprate super-
conductors keep surprising the scientific community
ways never imagined before. On one hand, the col
tive behavior of vortices produces a multitude of “vo
tex phases” attributable to an intricate interplay betwe
the thermal fluctuations, dimensional crossover, and p
ning forces on vortices. At low temperatures, on the ot
hand, unexpected and fascinating properties are obse
related to thed-wave symmetry of the order paramet
and the consequent relativistic “Dirac” spectrum of t
low-energy quasiparticle excitations.

A recent example of such an unexpected beh
ior is the experimental observation of the high-fie
plateau in the longitudinal thermal conductivitykxx

in Bi2Sr2CaCu2O81d (BiSCCO) and YBa2Cu3O61x

(YBCO) by Krishana, Ong, and co-workers [1,2] and
others [3–5]. In particular, it is found that after an initi
steep drop at low fields (but well into the mixed state)kxx

becomes field-independentabove Hp ­ cpHc2sTyTcd2

and remains so up to the highest attainable fields,14 T.
The implication is that both electronic and phonon
contributions tokxx separately become independent
field, with the initial drop attributed solely to electron
ke

xx [2,4]. These observations stand in a sharp cont
to the behavior ofkxxsHd found in conventionals-wave
superconductors [6], where vortices are strong scatte
of both electrons and phonons. Understanding
physics of the plateau phenomenon therefore pres
a considerable challenge to the theory of quasipart
transport in cuprates. Its broader significance lies in
fact that simultaneous measurement of the field-depen
longitudinal (kxx) and transverse (kxy) thermal conduc-
tivities, now feasible experimentally, contains a gre
wealth of information on the quasiparticle dynamics, a
in principle affords deduction of inelastic scattering ra
thought to be important for the pairing mechanism
cuprates.

The initial interpretation of the plateau involved
field-induced transition to a fully gapped state, such
dx22y2 1 idxy (or “d 1 id0”), which would effectively
freeze out the quasiparticle transport at low energ
[1]. Laughlin [7] presented a compelling theoretic
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argument in support of such a scenario with a wea
first order transition, but pointed out that opening
a gap with physically reasonable magnitude could n
in itself account for the complete suppression of t
electronic transport in BiSCCO at temperatures up
30 K. Furthermore, we find that sudden opening of
sizeable gap leads to ajump in kxxsHd, as opposed to
a kink observed in [1,3]. Experimentally, there appears
be little additional evidence for thed 1 id0 state, except
perhaps for the apparent bound states found by scan
tunneling microscopy (STM) in the vortex cores of YBC
[8] which should not exist in a puredx22y2 state [9].

The existing theoretical treatments [7,10–12] so
side-stepped the important issue of the effect of m
netic field on the quasiparticle mean free path (MFP),
termined primarily by scattering of quasiparticles by t
Abrikosov vortices. A detailed theory of the MFP du
to vortices ins-wave superconductors was developed lo
ago by Cleary [13]. Thed-wave problem, however, is
fundamentally different [9] and, except for heuristic trea
ments given in Refs. [14,15], no analogous theory ex
at present. Here we develop such a theory and show
field-independent longitudinal thermal conductivity aris
quite naturally in a puredx22y2 state above a crossove
field HpsT d. This behavior reflects an exact compensat
between the enhancement of the quasiparticle densit
states (DOS) in the presence of nonuniform superflow (
“Volovik effect”) [16] and the concomitant reduction in th
quasiparticle mean free path, due to increased scatterin
from vortices in a disordered vortex array. The limitin
high-field value ofke

xxsHd is universal in the similar sens
as the impurity induced universal microwave conduct
ity ssv ! 0d predicted by Lee [17]. The approach t
this limiting value depends on the distribution of vortice
in the sample and will therefore be material and sam
dependent.

The basic physics of the new universal regime c
be understood from the following simple argument.
the elementary Boltzmann-type treatment the electro
thermal conductivity of a normal metal is given by

ke
xx ­

1
3

yFcy, , (1)
© 1999 The American Physical Society
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where cy is the electronic specific heat and, is the
MFP. We now argue that this relation remains va
in the mixed state of ad-wave superconductor at field
above Hp. As first pointed out by Volovik [16], the
superfluid velocity field around vortices induces a Dopp
shift in the excitation spectrum of quasiparticles, whi
in turn leads to a finite DOS at the Fermi level. F
H * Hp the system behaves effectively like a norm
metal and we expect (1) to hold. The residual DOS sca
as NHs0d ,

p
H and gives rise to the well-known low

temperature specific heat [16]

cy . k0NFT
q

HyHc2 , (2)

whereNF is the normal-state DOS, andk0 is a constant
of order unity. This type of behavior is indeed observ
experimentally [18].

We now estimate the vortex contribution,H to the
total MFP ,21 ­ ,21

0 1 ,21
H . The central assumption

we make is that in the regime of experimental inter
the vortex lattice isdisordered in the sense that i
possesses no long range translational order, and
therefore scatter quasiparticles [19]. At low energ
,H is dominated by the quasiparticle scattering fro
the superfluid velocity fieldvssrd. Scattering from the
vortex cores is down by a factorsjyayd2 ­ HyHc2 ø 1
[22], where ay ­ j

p
Hc2yH is the average intervorte

distance,j ­ yFypD0 is the coherence length, andD0
is the maximum gap. In the (disordered) vortex latti
vssrd varies on the length scale set byay. Sinceay is the
only relevant length scale in the problem [23], one expe
on general grounds that

,H . k1ay ~

q
Hc2yH , (3)

wherek1 is a field-independent constant. This conclusi
is indeed confirmed by an explicit calculation of th
quasiparticle propagator outlined below, as well as b
calculation of the vortex transport scattering cross sec
str [22], carried out along the lines of the classic
treatment by Cleary [13]. We note that Eq. (3) is al
consistent with the result of Ref. [15] based on a heuris
argument involving the Andreev reflection.

In sufficiently strong fields Eq. (3) implies that,H ø
,0 [24] and the total MFP will be dominated by vortice
, ø ,H . On substituting (2) and (3) into (1) we arrive
the desired result that forH ¿ Hp, ke

xx will approach the
field-independentuniversal value

keH
xx yT ­ k0pNFy2

Fy3D0 , (4)

with k0 ­ k0k1. Evaluation ofk0 below shows thatkeH
xx

is identical to the “universal” thermal conductivityke
00

due to impurities predicted by various authors [11,25] a
observed experimentally by Taillefer and co-workers [2

The argument based on Eq. (1) captures the esse
physics of the new universal regime and provides a v
natural explanation of the plateau phenomenon obse
in cuprates [1–5] in terms of fundamental properties
the Dirac fermions. We now present a more rigoro
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treatment ofke
xxsHd, based on the Kubo formula for th

heat current response. Besides supplying the unkn
constantk0, such calculation provides the necessary c
fidence in our result (4) and helps understanding the
proach to the universal limit with the increasingH.

In the absence of field the quasiparticle propagator
2 3 2 matrix in the Nambu space (takinḡh ­ 1)

Ĝ0sv, kd ­
v 1 t̂3ek 1 t̂1Dk

v2 2 e
2
k 2 D

2
k

, (5)

wheret̂i are the Pauli matrices. In intermediate magne
fields the coupling of quasiparticles to the superfl
around the vortices is well described by the semiclass
replacementv ! v 2 k ? vssrd in Eq. (5) [11,27]. In
a simple London model, which will be sufficient for ou
purposes, the superfluid velocity field is given by [28]

vssrd ­
pl2

m

Z d2k
s2pd2

ik 3 ẑ
1 1 l2k2

X
i

eik?sr2Ri d. (6)

Here l is the London penetration depth,ẑ is a unit
vector along the field direction, andhRij denotes vortex
positions. In a disordered vortex array, on the len
scales large compared toay, propagation of quasiparticle
will be described by the Greens functionaveragedover
hRij:

Ĝsv, kd ­ kĜ0sv 2 k ? vs, kdlhRij . (7)

If we now define a probability density

P shd ­ kdfh 2 k ? vssrdglhRij , (8)

we may rewrite (7) as

Ĝsv, kd ­
Z

dhP shdĜ0sv 2 h, kd , (9)

and all the information on the vortex array is now encod
in P shd. Making the most natural ansatz that the vor
positions are random and uncorrelated, it can be sh
[15] thatP shd ­ s2ps

2
Hd21y2e2h2y2s

2
H with

s2
H ­ kakbkya

s srdyb
s srdlhRi j .

p2

8

µ
H

Hc2

∂
D2

0 ln k .

(10)

Herek ­ lyj, and the last equality follows from Eq. (6
Evaluation of the propagator̂G is somewhat compli-

cated by the fact that theh integral in Eq. (9) canno
be expressed in terms of elementary functions. This
ficulty can be avoided by takingP to be a Lorentzian
P shd ­ p21sHysh2 1 s

2
Hd rather than a Gaussian,

which case the integration is elementary and one obta

Ĝsv, kd ­ Ĝ0sv 2 isH , kd . (11)

Scattering from vortices therefore results in a self-ene
correction to the Greens function, which, for the partic
lar case of Lorentzian distribution, is simply a consta
SHsv, kd ­ isH . Had we kept the Gaussian distributio
the self-energy would be similar at low energies, but wo
1761
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2
k 2 D

2
kj ¿ s

2
H . This additional

structure results in slight mathematical complications
does not change the result forke

xxsHd qualitatively. We
therefore choose to proceed with the simpler form (11) a
treat it either as a reasonable low-energy approxima
to Eq. (9) or as a slightly different physical proble
with a vortex distributionhR0

ij resulting in the Lorentzian
distributionP shd.

Equation (11) may be used to calculate the fie
induced DOS, NHsvd ­ 2s2pd21

P
k Tr Âsv, kd,

where Âsv, kd ­ 2 Im Ĝsv, kd is the spectral func-
tion. One obtainsNHs0d ~ sH ~

p
H, in agreement

with Volovik’s result [16]. Interpretation ofsH as
the scattering rate due to vortices allows estimation
the vortex MFP,H ­ ȳysH , where ȳ is the average
quasiparticle velocity. Takingȳ ­

p
yFyD [10], we

find ,H ­ ays8yDyyF ln kd1y2 . 0.5ay (for yFyyD ­ 7
and k ­ 70), in agreement with our naive estima
(3). We finally note that since the scattering ratesH is
proportional to,

p
ny (with ny ­ HyF0 the vortex den-

sity), Eq. (11) will be in general difficult to derive from
conventional diagrammatic techniques which typica
employ low-density approximation and therefore yie
scattering rates proportional tony. Physically, the

p
ny

nonanalyticity reflects the long ranged1yr nature of the
vs field associated with a single vortex.

We are now in the position to evaluate the therm
conductivity tensor from the standard linear respon
theory. Following Ambegaokar and Tewordt [29], w
find for ad-wave superconductor in 2D,

k
e
ij

T
­

1
32pm2

Z `

2`

dv

T

µ
v

T

∂2

sech2
µ

v

2T

∂
Kijsvd ,

(12)

where (neglecting vertex corrections)

Kijsvd ­
Z d2k

s2pd2 kikj Trht̂3Âsv, kdt̂3Âsv, kdj . (13)

At temperatures low compared toD0 it is permissible to
linearize the quasiparticle spectrum in the Dirac con
near the four nodes of the gap functionDk ­ D0 coss2ud
[10,17]. Takingek ­ yFk1 and Dk ­ yDk2 in the new
coordinate systemsk1, k2d with the origin at the node, one
can explicitly perform the integral in (13) to obtain

Kxxsvd ­
4k2

F

pyFyD

∑
1 1

µ
v

s
1

s

v

∂
arctan

v

s

∏
.

(14)

HereyD ­ 2D0ykF and we have replacedsH by the total
scattering rates ­ s0 1 sH , with s0 describing both
elastic and inelastic processes in the superconducto
H ­ 0. The proper description of these processes wo
presumably require a self-energyS0sv, kd which depends
strongly on both of its arguments. However, absent
detailed microscopic theory of such processes, we fol
[30] and simply model their effect by a phenomenologic
1762
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constants0, which we interpret as a process-speci
average ofS0sv, kd.

For arbitrarys andT the expression (12) forke
xx must

be evaluated numerically. However, the leading ter
may be readily obtained in a perturbative expansion.
obtain, fors ¿ 2T (high field regime):

ke
xx

T
.

py
2
FNF

6D0

µ
1 1

7p2

15
T2

s2

∂
; (15)

and fors ø 2T (low field regime):

ke
xx

T
.

y
2
FNF

2D0

∑
9z s3d

4
T
s

1
ln 2
2

s

T

∏
. (16)

The first term in Eq. (15) reproduces Eq. (4) fork0 ­
1y2 and represents the universal thermal conductiv
keH

xx ; k
e
00 [11,25], which does not depend on the deta

of the vortex distribution, as long as there is no lo
range order. This result justifies the usage of the sim
Boltzmann approach (1) in the mixed state of ad-
wave superconductor. The leading correction in (15)
nonuniversal; e.g., one may show that the power w
change tosTysd4 for a GaussianP .

Equations (15) and (16) provide a simple tool for e
tracting the zero-field scattering rates0 from the experi-
mental data. Assuming that the phonon contributionk

p
xx

to the thermal conductivitykxx is field independent [2,4],
the total drop inkxxsHd betweenH ­ 0 and the plateau
is simply related tos0 by

s0 ­

Ω
c1T s1 1 dkxxd21, s0 ø T ,
c2T sdkxxd21y2, s0 ¿ T .

(17)

Here dkxx ­ fkxxs0d 2 kxxs`dgyk
e
00, kxxs`d de-

notes the plateau value,c1 ­ 27z s3dy4p . 2.58,
and c2 ­

p
7p2y15 . 2.15. Applying these rela-

tions to the data on underdoped YBCO [2] and usi
k

e
00yT ­ 0.019 WyK2 m [26], we obtains0 ø 0.4 meV

at 10 K, increasing to about 7 meV at 50 K and 19 me
at 60 K (just belowTc ­ 63 K).

To illustrate the behavior ofke
xxsHd over the wide range

of fields and temperatures in Fig. 1 we have evalua
Eq. (12) with kernel (14) numerically, adopting a ph
nomenological expression for the scattering rates0yD0 ­
g0 1 g3sTyD0d3. Here g0 represents the residual sca
tering rate due to impurities and theg3 term models the
inelastic scattering rate [30] which is known to collap
rapidly belowTc [14]. The similarity of Fig. 1 to the
experimental data on the underdoped YBCO [2] is str
ing: the positive curvature ofkxxsHd is enhanced with
decreasingT and the curves approach a field-independ
value at high fields. The characteristic crossing of t
curves nearTyD0 . 0.15, which reflects the crossover i
s0sT d from inelastic scattering at highT (solid lines) to
elastic scattering at lowT (dashed lines) is also present.

In some samples of BiSCCO, the plateau is reach
abruptly, with a discontinuity in the slope ofkxxsHd
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FIG. 1. Normalized electronic thermal conductivityke
xxsHd

as a function ofH at selected temperatures as calculat
from Eq. (12). Parameters used areHc2 ­ 160 T, k ­ 70,
g0 ­ 0.1, andg3 ­ 4.

at Hp [1,3,5], indicative of a phase transition. Th
“kink” behavior is not reproduced by the present simp
model, which, however, can be presumably appropriat
modified once the nature of the phase transition
understood. We take a position here that it is the plat
phenomenon which is universal and significant (since i
observed in more than one compound) while the appro
to it is a material-specific issue of secondary importanc

Aubin and co-workers [3] further report that the beha
ior of kxxsHd in BiSCCO qualitatively changes below 1 K
in that it increaseswith magnetic field, approximately a
kxxsHd ,

p
H. From Eq. (1) the most natural interpre

tation is that, below 1 K,, becomes independent ofH.
There are two possible reasons for this. The vortex ar
may order at lowT , in which case the Bloch theorem pre
vents quasiparticles from being scattered by vortices [1
The second possibility stems from the computation of
transport scattering cross section of ad-wave vortex [22],
which indicates thatstr svd vanishes asv3 for quasipar-
ticle energiesv & D0ykFl. Thus, at low energies, vor
tices become “transparent,” and even a disordered vo
array will not scatter quasiparticles.

An immediate consequence of our picture is thatall
of the high-Tc compounds with thedx22y2 gap should
exhibit the plateau phenomenon with the universal va
keH

xx yT ­ py
2
FNFy6D0 in sufficiently high fields. We

predict that the existence of plateau will correlate w
the absence of long range order in the vortex arr
and will fade away at the lowest temperatures. T
formalism developed here also permits calculation of
Hall conductivity ke

xy . However, this constitutes a mor
complicated problem since one has to consider the parti
hole asymmetry in the vortex scattering rate [13] as w
as corrections to the linearized Dirac spectrum [10].
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