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Abstract
We model the dynamics of voltage-driven transport of DNA hairpins through transmembrane
channels. A two-dimensional stochastic model of the DNA translocation process is fit to the
measurements of Mathé, who pulled self-hybridized DNA hairpins through lipid-
embedded α-hemolysin channels. As the channel was too narrow to accommodate
hybridized DNA, dehybridization of the hairpin became the rate-limiting step of the transport
process. We show that the mean first passage time versus voltage curve for the escape of the
DNA from the transmembrane channel can be divided into two regions: (1) a low-voltage
region where the DNA slides out of the pore in reverse and without undergoing significant
dehybridization, and (2) a region where the DNA dehybridizes under the influence of the
applied voltage and translocates across the membrane.

1. Introduction

Over the last two decades, DNA biotechnology and
nanofabrication have been transformed by advances in single
molecule manipulation techniques. In particular, there has
been strong interest in the mechanisms of single stranded DNA
transport across membranes [1–5], as well as investigations of
force-pulling mechanisms for inducing DNA dehybridization
[6–8]. While the process of single stranded DNA transport
through membrane channels has been extensively studied
[9–12], only recently has the process of driven double
stranded DNA denaturation by transmembrane nanopores been
investigated [13–16].

In this paper, the dehybridization of DNA resulting from
the pulling of DNA molecules through a transmembrane
channel is studied. This work is primarily motivated by
the measurements of Mathé et al [14], and related to the
experiments of Nakane et al [15] and Sauer-Budge et al [13].
In the experiments of Mathé et al, a transmembrane potential
was applied to drive the translocation of DNA hairpins. As the
transmembrane voltage was applied, the ionic current through
the transmembrane α-hemolysin channel was simultaneously
monitored. When any part of the DNA strand was inside
the transmembrane channel, the channel was blocked, and the
ionic current fell below the open-channel value. When the

DNA strand exited the channel, open-channel ionic currents
resumed and were measured. The experiments measured the
distribution of first passage times for the escape of the DNA
from the α-hemolysin channel. The mean first passage times
τ(V ) were then derived as a function of driving voltage V .
The driving voltage-dependent mean first passage times of
perfectly complementary hairpins were compared to those
of DNA hairpins with single defects (non-homologous base
pairs). Since there are effectively fewer base pairs to break,
DNA hairpins with non-complementary defects had a shorter
first passage time.

The first passage time data from these experiments
[14, 15] have all been analyzed by modeling the DNA
dehybridization as an activated process with a single free
energy barrier. In these models there are three parameters:
an attempt frequency (pre-factor), a barrier free energy
and a partial charge per DNA base. The energy barrier
should be approximately the difference in free energy
between hybridized and fully dehybridized DNA. The DNA
hybridization energetics can be modeled using both a simple
free energy model where each type of hybridized base
(GC and AT base pairs) contributes a constant amount to
the total free energy, and using free energies produced by
more sophisticated hybridization models such as the MFOLD
2-state hybridization server [17]. Permitting a 1.5 to 2 order of
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Figure 1. (a) Division of the α-hemolysin channel into the cis, vestibule, transmembrane and trans regions. The DNA hairpin is inserted
into the pore from the cis region. The length of the vestibule region (Nv) is set to 16 inter-base distances, while the number of DNA bases
that can fit into the transmembrane region is NL = 12. (b) An example of the DNA hairpin translocation experiment. The process of DNA
translocation is described by two coordinates n0 and n1. n0 gives the position of the first hairpin base relative to the mouth of the
transmembrane part of the pore, while index n1 gives the number of hairpin base pairs that have been dehybridized.

magnitude variation in the attempt frequencies [14], the single
barrier fits give a good match to the data.

In order to understand the first passage times observed
in these experiments and investigate possible deviations from
log–linear behavior at high and low voltages, we obtained
estimates for the mean voltage-dependent first passage time,
τ(V ), using a two-dimensional multibarrier stochastic model.
The DNA hybridization energetics are modeled using both a
simple free energy model where each GC base pair contributes
3kBT , each AT base pair contributes 2kBT (T = 288 K) to
the total hybridization free energy, and the free energy model
used by the MFOLD 2-state hybridization server [17]. The
predicted mean first passage times show the same nearly linear
dependence of log(τ (V )) on the applied voltage at moderate
voltages (≈25 to 250 mV), as was observed by Mathé et al
for voltages between 30 and 150 mV. However, the model
predicts an additional behavior in the low-voltage limit. For
voltages below approximately 25 mV, our model suggests that
in the experimental setup of Mathé et al, sliding of DNA in the
reverse direction (the direction opposite to the applied electric
field) is the dominant mechanism of DNA escape.

2. The model

We model the process of DNA extraction through a membrane
pore using the zipper model displayed in figures 1 and 2.
The model assumes that the DNA forms a hairpin consisting
of N base pairs in the self-hybridizing region, and that the
hairpin is connected to a single stranded poly-A tail NA bases
in length (see table 1 for the definition of NA and the other
size parameters used in the model). In the experiments of
Mathé et al N = 10, and NA = 50. The dehybridization and
translocation states of the model are labeled with two indices,
n0 and n1. If the bases of the DNA strand are enumerated
starting from the 3′ end, index n0 indicates the position of
the DNA strand relative to the start of the transmembrane
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Figure 2. The enumeration scheme for DNA base pairs in the
hairpin and the associated state space for the 2D stochastic model.
In this example N = 7, NA = 4, and there is a defect at d = 4.
States with n1 = 3 are inaccessible as the presence of a defect at site
4 makes it impossible to have exactly 3 base pairs dehybridized.
Transitions between states with different values of n1 have attempt
frequency ω unless the source or destination state of the transition is
d or d ± 1, or the transition represents the rehybridization of a
completely dehybridized hairpin. In these cases the transition has
attempt frequency ωA and ωR respectively. In all cases, transitions
between states with different values of n0 have attempt frequency µ.
States with n0 = 2N + Nloop + NL (a DNA strand pulled completely
into the trans chamber), and n0 = −NA (a DNA strand pulled
completely into the cis chamber) are absorbing.

region of the α-hemolysin pore. As the DNA strand can
slide in reverse, n0 can take on negative values. Similarly,
index n1 equals the number of hairpin base pairs that have
been dehybridized (see figure 1(b)). Using this nomenclature,
the DNA hairpin is fully dehybridized when n1 = N . As
the dehybridized DNA hairpin can escape the pore region by
sliding in reverse (in the cis direction, see figure 1(b)), we
make all states with n0 = −NA absorbing. Forward escape
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Table 1. The fixed size and rate parameters used in the
two-dimensional stochastic model. The size parameters are set by
the structure of the α-hemolysin pore and the DNA strand, and are
not used as fitting parameters.

Parameter Description

N Number of base pairs in the DNA hairpin
NA Number of bases in the poly-A tail attached

to the 3′ end of the DNA hairpin (50)
NL Number of bases that can simultaneously occupy

the transmembrane part of the pore (12)
Nv Length of the vestibule in inter-base distances (16)
Nloop Number of bases in the hairpin loop (6)
ωR The rate of rehybridization of a completely

denatured hairpin (set to 0)

(escape into the trans chamber) can only occur after the DNA
hairpin has completely dehybridized, and so we also make
state (n0 = 2N + Nloop + NL, n1 = N) absorbing.

Defining P(w, v, t) to be the probability of being in state
(n0 = w, n1 = v) at time t, the system then evolves according
to a master equation
dP(w, v, t)

dt
=

∑
(i,j)

L(i, j |w, v)P (i, j, t)

− P(w, v, t)
∑
(i,j)

L(w, v|i, j). (1)

In equation (1) the expression L(i, j |w, v) is the rate of
transition from the state with (n0 = i, n1 = j) to the state
(n0 = w, n1 = v). We restrict the set of allowable state
transitions to include only four moves: sliding of the entire
DNA strand in the trans direction (n0 → (n0 + 1)), sliding
in the cis direction (n0 → (n0 − 1)), dehybridizing a DNA
base pair (n1 → (n1 + 1)) or rehybridizing a DNA base pair
(n1 → (n1 − 1)). In all cases we assume that L(i, j |w, v) has
the form

L(i, j |w, v) = f (i, j |w, v)

× exp(−β(max({�G(i, j |w, v), 0}))). (2)

Equation (2) has the standard form of a rate in an
activated process [18] where f (i, j |w, v) represents the
attempt frequency for escape from state (i, j) to state (w, v),
while �G(i, j |w, v) is the free energy difference between
states (w, v) and (i, j). To define �G(i, j |w, v) we divide
the pore-membrane complex into four regions: the cis region,
the vestibule region, the transmembrane region and the trans
region (see figure 1(a)). Furthermore, we assume that the total
free energy of the DNA strand is the sum of the contributions
from the parts of the strand in each of these four regions. In
the trans region, all the DNA is single stranded and we set
its contribution to the free energy equal to that of a polymer
tethered to the membrane ([19, 20, 10]). The contribution
from the DNA bases in the trans region to the change in free
energy upon going from state (i, j) to state (w, v) is then

�Gtrans(i, j |w, v)

= 1

2
kBT ln [Ntrans(w, v)/b] − 1

2
ln [Ntrans(i, j)/b]

= 1

2
kBT ln

[
Ntrans(w, v)

Ntrans(i, j)

]
. (3)

In equation (3), Ntrans(n0, n1) is the number of DNA bases in
the trans chamber in state (n0, n1), and b is the persistence
length of single stranded DNA (approximately two interbase
distances) [9].

Since the bases in the transmembrane region of the pore
are highly confined, there will be an entropic penalty for storing
bases in this region. We assume that this entropic penalty is
∼1kB per base [20]. The contribution to the total free energy
change from the bases in the transmembrane part (TMP) of
the pore is then

�GTMP(i, j |w, v) = kBT (NTMP(w, v) − NTMP(i, j)), (4)

where NTMP(n0, n1) is the number of single stranded DNA
(ssDNA) bases stored in the transmembrane part of the pore in
state (n0, n1). Turning to the vestibule region we note that the
diameter of the vestibule varies from approximately 26 Å at
the vestibule entrance, to 36 Å near the middle of the vestibule
region [21]. Though the vestibule region is less confining than
the transmembrane part of the pore, we nonetheless expect that
storing ssDNA bases in the vestibule will carry an entropic
penalty. The contribution to the total free energy change from
ssDNA bases in the vestibule region is

�Gvest(i, j |w, v) = svT (Nvest(w, v) − Nvest(i, j)), (5)

where NVestibule(n0, n1) is the number of ssDNA bases located
in the vestibule region, including all the single stranded bases
created when part of the hairpin denatures. The parameter
sv � 0 is the entropic cost for storing a DNA base in the
vestibule region. While the hairpin is in the vestibule region
and sv is non-zero, the free energy cost to open a base pair
is increased by 2svT and the hairpin is stabilized. While we
leave sv as a fitting parameter, the confinement free energy
can be estimated from the entropy cost per persistence length
to confine a polymer to a narrow tube: sv ∼ kB(l/D)

5
3 [22].

Using the mean vestibule diameter of D = 3.1 nm and a
persistence length l = 0.8 nm, the entropic cost of confining
a base to the vestibule is approximately 0.1kB .

Next, we consider the cis region, where we treat the single
stranded DNA as a polymer tethered to the membrane. With
this free energy, the contribution to �G from the cis region is
[19, 20, 10]

�Gcis(i, j |w, v) = 1

2
kBT ln

[
Ncis(w, v)

Ncis(i, j)

]
, (6)

where Ncis(n0, n1) is the number of single stranded bases
located in the cis region, excluding the single stranded bases
that are produced by partial denaturation of the DNA hairpin.

Next, we introduce a term arising from the change in the
electrostatic potential associated with sliding a charged DNA
strand

�Gel(i, j |w, v) = U(w, v, V ) − U(i, j, V ). (7)

Here U(n0, n1, V ) is the potential energy of the DNA strand
and is given by

U(n0, n1, V ) =
NA+n0∑
i=lb

qφ(i, V ) (8)

where φ(i, V ) is defined to be the potential at a distance i
interbase spacings from the cis entrance to the transmembrane
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region, q is the mean partial charge per DNA base, and lb is
the location of the single stranded base that is closest to the cis
chamber. We assume that the entire potential drop V occurs
across the width of the transmembrane part of the channel [10],
and that the voltage profile in the transmembrane channel is
linear

φ(i, b, V ) =

0 if i � 0

(i − 1/2) V
NL

if 0 < i � NL

V if i > NL


 . (9)

To complete �G we include the free energy cost
associated with dehybridizing a DNA base. We determine
this cost using two different models: the first is a simple free
energy model where the binding free energy of each AT and
GC base pair is set to 2kBT and 3kBT , respectively (the ‘2-3’
free energy). Alternatively, we also use the free energies
predicted by the MFOLD DNA folding program [17]. With
either of these models and equations (3)–(7), the total change
in the free energy resulting from a transition from state (i, j)

to state (w, v) is

�G(i, j |w, v) = (g(v) − g(j)) + �Gel(i, j |w, v)

+ �Gcis(i, j |w, v) + �Gvest(i, j |w, v)

+ �GTMP(i, j |w, v) + �Gtrans(i, j |w, v). (10)

Here g(n1) is the free energy of a hairpin in bulk solution
with n1 bases denatured, and is given by either the MFOLD
program or the ‘2-3’ free energy model described above.

Having defined the energetics of the state transitions, we
are left with the attempt frequency in equation (2). The
model has two basic attempt frequencies associated with the
two types of transitions: µ, the attempt frequency for sliding
transitions (n0 → n0 ± 1), and ω, the attempt frequency for
hybridization transitions (n1 → n1 ± 1) (see figure 2). To
develop a rough estimate for µ, we set this attempt frequency
equal to the inverse of the relaxation time of the single stranded
DNA confined to the transmembrane part of the channel. The
attempt frequency is then [20]

µ = kT

a2N
γ

Lζ
, (11)

where a is the interbase spacing of single stranded DNA, γ is a
measure of the stiffness of the DNA in the channel, and ζ is the
typical friction coefficient for a base in the channel. Using the
mean values for ζ and γ given in [20], we find µ ∼ 105 s−1.
Using the value of ζ given in [10] for a persistence length of
single stranded DNA confined in the transmembrane region
gives an estimate of µ ∼ 106 s−1. We constrain µ to lie
within the range of these two estimates. To find an estimate
for ω, we use a Morse-like potential to model the hydrogen
bonds between two DNA bases [7]. A calculation of Kramer’s
escape rate to open a single base then gives a rough estimate
of ω ≈ 1 × 1012 s−1, consistent with previous studies of DNA
denaturation [7].

Finally, we consider the effect on the transition attempt
frequencies of introducing a non-homologous base into the
DNA chain at site d (see figure 2). In a rate of the form
given by equation (2), the attempt frequency ω is related
to the magnitude of the curvature of the energy surface

Table 2. A list of fitting parameters used in the two-dimensional
stochastic model. Parameter ωA is only used for base pairs adjacent
to non-homologous bases.

Parameter Description

µ Attempt frequency for sliding transitions
(n0 → n0 ± 1)

ω Attempt frequency for hybridization transitions
(n1 → n1 ± 1)

ωA Attempt frequency for hybridization changes of
base pairs adjacent to a non-homologous base

q Mean partial charge per DNA base
sv Entropic penalty for confining a ssDNA base

to the vestibule region

in the direction of the n1 coordinate [18]. Introducing a
non-homologous base into the DNA strand will change the
curvature of the free energy surface near state (n0, n1 = d),
producing a change in the attempt frequencies for
hybridization state transitions of the base pairs adjacent to
the non-homologous base. To account for these changes, we
introduce a new attempt frequency (ωA) which is applied to
the de- and rehybridization of the bases adjacent to the defect.
Furthermore, introducing a defect into the hairpin would
introduce a flat region in the free energy surface, and so we
expect ωA � ω. Also, while the DNA extraction process is not
an equilibrium process, and violations of detailed balance can
affect the mean first passage time appreciably, we assume that
the process is near enough to equilibrium for detailed balance
to apply. The one exception is the rate of rehybridization of a
completely dehybridized hairpin. In this case, we assume that
once the DNA strand has completely dehybridized it escapes
the pore complex before rehybridization can occur, and set
the rehybridization rate of the last hairpin base to 0. Having
completely defined a two-dimensional stochastic model for the
hairpin extraction process, we are left with five free parameters
summarized in table 2, which we fit to experiments.

This model does not include a number of features of
the double stranded DNA translocation and dehybridization
process. For example, by assuming that the DNA hairpin
denatures only from the free end, the effects of bubble
formation are ignored by our model. Here, bubbles refer
to dehybridized regions of DNA that are bounded by at
least one hybridized base on both sides. Under physiologic
conditions, structural fluctuations in double stranded DNA
lead to the formation of bubbles that are typically on the order
of several tens of base pairs [23]. Our treatment and the
measurements of Mathé et al consider the dehybridization
and extraction of DNA hairpins with base-pairing regions
approximately 10 bases in length, and thus considerably
smaller than the typical bubble size found in DNA at
experimental conditions. Additionally, recent experiments
[24] have studied the formation of bubbles in small, atypically
bubble-prone poly-AT DNA chains approximately 18 bases in
length. Here, the formation of DNA bubbles approximately
2–10 bases in length was observed in the DNA strand.
However, Altan-Bonnet et al [24] were able to measure the
typical lifetime of these small bubbles to be approximately
50 µs. This lifetime is typically much smaller than the mean
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Table 3. DNA hairpin sequences [14] along with the hybridization energies predicted by MFOLD (T = 288) and the 2-3 free energy model.
For more details see [17]. Bases in the hairpin hybridization region are in bold, other bases form the hairpin loop.

Name Sequence MFOLD 2-3

Defect free GCTCTGTTGCTCTCTCGCAACAGAGC −28.7kBT −26.0kBT
Defect bearing GCTCTGTTGCTCTCTCGCAACTGAGC −23.8kBT −24.0kBT

time for the dehybridization and extraction of small DNA
strands through α-hemolysin at moderate driving voltages.
Thus we assume that the effects of bubbles can be subsumed
into the dehybridization attempt frequency ω.

Additionally, the model does not include partial-registry
binding, where the hybridization region of the hairpin is offset
by one or more bases (i.e., in the arrangement of figure 2,
complement base 2 hybridizes with base 5). Under the
assumption that the double stranded DNA complex is well
equilibrated prior to the start of the extraction processes such
out-of-registry binding is unlikely, due to its high energetic
cost. Moreover, should such binding occur, its effects on
the DNA dehybridization process would not be qualitatively
different from the effects of starting in a full-registry, partially
dehybridized state with a similar number of dehybridized
bases.

Finally, previous studies of DNA translocation [10, 25]
have shown that the use of an effective free energy of the
kind described by equation (10) is strictly valid only when
the relaxation time of the DNA strand is much shorter than
the typical time required for the strand to translocate by a
single base. Following Ambjörnsson et al [10], we find the
change in the position of the center of mass of the single
stranded DNA coil located in the trans chamber upon a
change in n0 of ±1. The relaxation time is then equal to the
time required for the single stranded DNA coil to diffuse this
distance. When fully denatured, the strands we consider are
76 bases long and have relaxation times ∼10−9 s, considerably
smaller than the ∼10−6 s typically required to translocate the
DNA strand by a single base.

3. Results and discussion

Equation (1) is used to compute the thermally averaged time
for the DNA hairpin to first reach either set of absorbing
states (n0 = −NA, n1) or (2N + Nloop + NL, n1 = N). To
do this, the (n0 = −NA, n1) and the (n0 = 2N + Nloop +
NL, n1 = N) states are rendered completely absorbing by
setting P(−NA, n1)(t) = 0 and P(2N + Nloop + NL,N) = 0
for all t. Equation (1) is then

dP(w, v, t)

dt

∣∣∣∣(w,v) �=(−NA,n1)

�=(2N+Nloop+NL,N)

=
∑
(i,j)

L(i, j |w, v)P (i, j, t)

− P(w, v, t)
∑
(i,j)

L(w, v|i, j). (12)

Defining A(t |(n′
0, n

′
1)) to be the probability that the system

reaches an absorbing state between time t and t +dt , given that

it started in state (n′
0, n

′
1), yields

A(t |(n′
0, n

′
1)) = − d

dt

∑
(i,j) �=(−NA,n1)

�=(2N+Nloop+NL,N)

P (i, j, t)

= L(2N + Nloop + NL − 1, N |2N + Nloop

+ NL,N)P (2N + Nloop + NL − 1, N, t)

+
N∑

n1=0

L(−(NA − 1), n1| − NA, n1)P (−(NA − 1), n1, t).

(13)

With the first passage time distribution A(t |(n′
0, n

′
1)) computed

from the solution to equation (12), the mean first passage time
to an extracted state is

	(n′
1, n

′
2) =

∫ ∞

0
tA(t |(n′

1, n
′
2)) dt. (14)

Finally, to find the thermally averaged mean first passage time,
τ , the results of equation (14) are summed over the initial states
of the DNA, giving

τ =
∑

i,j 	(i, j) e−βG(0,0|i,j)∑
i,j e−β�G(0,0|i,j)

. (15)

where �G(0, 0|i, j) is the free energy of state (i, j) relative
to state (0, 0). In the experiments of Mathé et al, the DNA
hairpin was lodged and then held in the vestibule region for
0.5 ms with a holding voltage of 20 mV prior to the application
of the driving voltage V [14]. So, when computing the value
G(0, 0|i, j) found in the Boltzmann weights in equation (15),
we set the voltage equal to 20 mV and sum over states (i, j)

where at least one hybridized base is found in the vestibule
region.

A simplex minimization code was used to perform a least-
squares fit of equation (15) to the mean first passage times of
the strands in table 3 [14] (see figure 3(a)). While multiple
local minima were found, all fits produced the same qualitative
trends, and the best fit parameters are given in table 4. Fitting
the model to both the defect-free and defect-bearing strands
simultaneously shows that the 2-3 free energy surface provides
a better fit than the surface produced by MFOLD. As we
could only bracket the experimental data using the MFOLD
free energies, this indicates that in the context of this model,
MFOLD’s prediction of a 4.9kBT difference in hybridization
free energy between the two strands may be an overestimate.
The value of the vestibule confinement entropy (sv) is also
very small, suggesting that the DNA in the vestibule region
has considerably more conformational flexibility than DNA
stored in the transmembrane region of the channel. We also
note that the values for the charge per DNA base generated by
the fits are larger than the values derived by Mathé et al from
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Figure 3. (a) The best fit predictions of the stochastic model when
both the defect-free and defect-bearing strands are fitted
simultaneously. At voltages below the peak voltage, the DNA
strands escape the pore primarily by sliding back into the cis
chamber. At higher voltages, the hairpin completely denatures and
slides through the channel into the trans chamber. (b) The
probability of the DNA strands escaping into the cis chamber.
(c) The mean number of rehybridizations of base 3 in the
defect-bearing and defect-free strands.

Table 4. Parameters from fitting to the experimental results for the
mean escape time of DNA hairpins through an α-hemolysin pore of
Mathé et al [14]. The fit parameters sets were used to generate the
mean escape time–voltage curves shown in figure 3(a).

Energy
surface µ (s−1) ω (s−1) ωA (s−1) q sv

MFOLD 1.4 × 106 1.5 × 1013 1.9 × 1010 0.39e 0.10kB

2-3 7.8 × 105 5.3 × 1010 7.0 × 107 0.30e 0.03kB

single barrier fits by a factor of approximately 3. Nonetheless,
these values for the partial charge are within the range found in
the literature (≈0.1–0.4e) [14, 15], for double stranded DNA
denaturation experiments of this type.

Irrespective of which free energy surface was used, the
curves in figure 3(a) predict an increase and peak in the mean
escape time with increasing voltage at low voltages (below

approximately 25 mV). Figure 3(b) shows the probability
(Preverse) that the DNA escapes into the cis chamber and
indicates that at low voltages the DNA will escape into the
cis chamber almost exclusively. As the hairpin was initially
inserted into the pore from the cis side of the membrane, we
refer to escape into the cis chamber as reverse escape. In the
high-voltage regime, the hairpin dehybridizes and translocates
into the trans chamber.

To understand the reason for sharpness of the transition
between the two escape mechanisms, we simplify the process
of DNA escape and assume that the DNA strand faces a
single kinetic barrier for each escape path. To determine the
barrier to reverse sliding at low voltages in this simplified
model, we assume that the DNA does not undergo significant
dehybridization prior to escaping into the cis chamber. Under
these assumptions the maximal free energy is near state
(−(NA − NL), 0). For forward escape, we set the free energy
barrier equal to the hybridization free energy of the hairpin in
the vestibule. Using these assumptions to compute the barriers
to reverse and forward sliding respectively, the probability that
the DNA escapes into the cis chamber is approximately

Preverse = kr exp(−β�G(i,j |−(NA−NL),0))

kr exp(−β�G(i,j |−(NA−NL),0))+kf exp(−β�G(i,j |0,N))

= (
1 +

kf

kr
exp((−β�G(−(NA − NL), 0|0, N)))

)−1
, (16)

where (i, j) is an arbitrary initial state, kr is the effective
attempt frequency for reverse escape, and kf is the effective
attempt frequency for forward escape. Equation (16) has
a sharp sigmoidal shape at the experimental temperature
(288 K). Solving equation (16) for the voltage where Preverse =
1/2 yields

V1/2 = G + (2N − Nv)svT − 1
2
kBT ln (NA − Nv − NL

NA − NL
)− kBT ln (

kf

kr
)

|q|(NA −NL)
,

(17)

where G is the hybridization free energy of the hairpin. As
reverse escape involves only sliding transitions, and the barrier
to forward escape involves only dehybridization transitions,
we set kr = µ, kf = ω. In the case where the entropic
penalty (sv) for storing bases in the vestibule region is �kB ,
the numerator of equation (17) is approximately equal to
G − kBT ln(kf /kr). The difference in the effective attempt
frequencies then acts as a correction to the hybridization free
energy. If the ratio kf /kr becomes comparable to eβG then
V1/2 is approximately zero, and there is no transition between
reverse and forward dominated escape. Equation (17) suggests
that the crossover between reverse escape and forward escape
will occur when the increase in the electrical potential upon
reverse escape becomes comparable to the hybridization free
energy of the hairpin.

Using the MFOLD free energy surface best fit parameters
for the simultaneous fits (see table 4), equation (17) predicts
transition voltages of 22 mV for the defect-free strand, and
14 mV for the defective strand. These values are in reasonable
agreement with the predictions of the full stochastic model,
which predicts 19 mV for the defect-free strand and 11 mV for
the defect-bearing strand. When the 2-3 free energy surface
is used in equation (17) the predicted transition voltages for
the defect-free and defective strand are 33 mV and 29 mV,
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while the full stochastic model gives 23 mV and 18 mV,
respectively. Note that equation (17) used with the 2-3 free
energy surface gives higher transition voltages than when
used with the MFOLD free energy. This occurs despite the
fact that the MFOLD hybridization free energy is larger than
the hybridization free energies given by the 2-3 free energy
surface, and is a consequence of the reduced ratio of ω/µ in
the best fit parameters for the 2-3 free energy surface. The
reduced ratio slows the rate of dehybridization relative to the
rate of sliding, making reverse escape more probable.

In the experiments of Mathé et al mean escape times
were measured at a minimum voltage of 30 mV, and Mathé
et al did not find a peak in the escape time curve associated
with the transition between reverse and forward dominated
DNA escape. In the experiments of Nakane et al a large
Avidin anchor protein was attached to the end of the poly-
A tail of the DNA strand, preventing reverse escape. This
is equivalent to making the n0 = −NA states in our model
reflecting rather than absorbing. Making this change forces
the DNA to dehybridize and escape into the trans chamber,
producing a rapid rise in the mean first passage time at low
voltages and eliminating the peak in the mean first passage
time versus voltage curve.

However, a switch between forward and reverse
dominated escape is consistent with the measurement of the
so-called entropic repulsion force by Nakane et al [15], who
found that a minimum voltage of approximately 10 mV was
required to hold a double stranded DNA segment with a poly-
A tail in a α-hemolysin pore. Similarly, Hendrickson et al [1]
found that to hold a completely single stranded DNA segment
in an α-hemolysin pore, an applied voltage of at least 65 mV
was required. If we then assume that the reverse sliding of
the DNA hairpin at zero applied voltage occurs on a time
scale similar to the time for escape of single stranded DNA
at zero applied voltage (a few milliseconds [5]), a transition
between forward and reverse escape at a voltage in the range
11–23 mV seems plausible. For a given hairpin, the location of
the transition from the reverse to forward sliding regimes can
be controlled by changing the length of the poly-A tail attached
to the hairpin (see the inset of figure 3(a)). Shortening the tail
reduces the barrier to reverse sliding due to the applied voltage.
Then as the poly-A tail is reduced, the voltage of the escape
transition will increase as suggested by equation (17).

For voltages greater than the voltage associated with the
maximum mean first passage time, the results of the stochastic
model show a log–linear relationship between τ and V . In
this model, the reduction in the mean first passage time with
increasing voltage is the result of inhibition of reverse sliding
and inhibition of rehybridization due to the steric repulsion
between the DNA strand and the membrane. This can be seen
in figure 3(c) where the mean number of rehybridizations
(NR) of base 3 in the DNA strand is plotted as a function
of driving voltage. As the voltage is increased, NR is
reduced and saturates at voltages greater than approximately
300 mV.

As shown in figure 3(a), the discrete stochastic model
also predicts that the mean first passage time will become
relatively insensitive to changes in the applied voltage when

V � 300 mV. However, the applicability of the stochastic
model at these voltages is limited by the barrier hopping model
in equation (2). Specifically for a fixed value of n1, at large
voltages equation (10) is approximately equal to �Gel. When
n0 < 2N + Nloop so that the transmembrane region is always
filled with DNA, sliding of the DNA is then described by the
following master equation:

dP(n0, t)

dt
= −µ(e−β|λ|aV + 1)P (n0, t)

+ µ e−β|λ|aV P (n0 + 1, t) + µP(n0 − 1, t), (18)

where a is the distance moved by the DNA strand in a single
sliding event, and λ is the charge density along the DNA strand.
In the limit of large applied voltage where β|λ|aV � 1,
equation (18) becomes

dP(n0, t)

dt
= µ(P (n0 − 1, t) − P(n0, t)). (19)

Equation (19) describes a system where only sliding toward
the trans chamber occurs, and where the rate of sliding is
essentially insensitive to changes in the applied voltage. In
our model the applied voltage does not directly influence
the rate of dehybridization of the DNA hairpin. Instead,
the reduction in the mean first passage time observed with
increasing voltage is due to an increase in the net rate at which
the DNA slides toward the trans chamber and to the reduction
in rehybridization that occurs with this increase. Thus, if the
sliding of DNA becomes insensitive to the voltage as described
in equation (19), the overall first passage time will also become
insensitive to the voltage as seen in figure 3(a). Therefore, we
expect that our results may underestimate the influence of the
applied voltage on the mean escape time at high voltages.

We now consider the effects of the non-homologous
base on the mean escape time. At low voltages where the
DNA escapes in reverse, figure 3(a) shows that there is no
significant difference between the escape of the defect-bearing
and defect-free strands. This is consistent with the reverse
escape mechanism where the DNA strands escape into the cis
chamber and dehybridization is not the rate-limiting step in the
escape process. Conversely, near the peak in the first passage
times, the difference in the escape times between the defective
and defect-free strands is a maximum. Using the MFOLD free
energy surface the maximum ratio τ/τdefect is approximately
e4.2, while the 2-3 free energy surface gives a ratio of e1.8.
In both cases the ratio is smaller than the first passage time
ratios that would be produced by a single barrier model of
the translocation process (e4.9 and e2, respectively). This is
a result of both the reduced hybridization transition rate ωA

applied to bases near a defect, and an effect of the inhibition
of rehybridization that results from DNA sliding. The loss
of sensitivity to the differences between the defect-free and
defect-bearing free energy surfaces can be significant at high
driving voltages as shown by the nearly degenerate mean first
passage time curves produced by the 2-3 free energy surface.
This could become an issue in high throughput sequencing
applications where there may be a compromise between the
speed at which DNA strands could be pulled through the
channel and the ability to discriminate between different DNA
strands.
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Finally, we look at the effects of varying the fixed
parameters listed in table 1 on our results. We begin by
considering the effect of changing the hairpin length N.
Changing N will change the total binding free energy of the
hairpin G. Increasing N will then typically have the effect
of increasing the mean first passage time, and increasing
the voltage where the transition from reverse to forward
escape occurs. Decreasing N sufficiently can eliminate this
transition entirely. Equation (17) suggests that this will occur
when the total hybridization free energy is comparable to
kBT ln(kf /kr). Using kf = ω and kr = µ and parameters
from the fit to the 2-3 free energy, this suggests that the
transition between forward and reverse escape would disappear
when G ≈ 11kBT . If we assume an average hybridization
free energy per base of 2.5kBT , then this would mean that the
transition would disappear when N is approximately 4 or 5.
At this DNA length, the stochastic model suggests that the
probability of escaping in reverse at zero voltage would
approximately equal the probability of escaping in the forward
direction.

As was shown in the inset of figure 3(a), scaling NA

changes the location of the peak in the mean first passage time
curve. Increasing the value of NA means that on average more
bases will be located in the high-voltage trans chamber in the
initial state of the hairpin. As a result, there will typically be a
larger barrier to reverse sliding, the probability of escaping in
reverse at any given voltage will be reduced, and the voltage
of the peak in the mean escape time will be reduced. We
have tested for the existence of a peak in the mean escape
time curve, and a transition from reverse to forward escape,
for values of NA up to 60 using the defect-free 2-3 free energy
surface and attempt frequencies.

Varying NL has an effect similar to varying NA. When
NL is reduced the potential gradient in the transmembrane
channel, and the number of DNA bases fully inserted into
the trans chamber in the initial state of the DNA typically
increases. This results in a larger barrier to reverse sliding,
and a reduction in the voltage of the transition to forward
escape. However, using the defect-free 2-3 free energy, the
transition remains for values of NL as small as 2.

Given the fitted values of sv were relatively small, scaling
Nv has a minor effect on our results. The qualitative behavior
of the mean first passage time curve remained the same for
values of Nv up to 30. However, when sv is comparable to
kBT , increasing Nv inhibits reverse sliding due to the increased
entropic cost of filling the vestibule region.

Altering Nloop, the number of DNA bases in the loop part
of the hairpin, had very little effect on the mean first passage
time results or the results for V1/2. As this quantity only enters
into the stochastic model when the DNA is fully dehybridized
and nearly pulled through to the trans side, the results are
relatively insensitive to variations in this quantity. Setting
Nloop = 10 gives a mean first passage time curves and V1/2

values nearly indistinguishable from Nloop = 5.
Finally, in order to reduce the number of fitting parameters

in our model, we have set ωR , the rate of rebinding of
a completely dehybridized hairpin, to zero. The simplest
alternative to this assumption is to enforce detailed balance

and set ωR = ω. This has the effect of dramatically increasing
the maximum mean first passage times by more than 3 orders
of magnitude compared to the results displayed in figure 3,
and increasing the voltage of the transition between forward
and reverse escape by more than 15 mV. Conversely, setting
ωR to a value much smaller than the sliding rate µ has very
small effects on the escape time curve displayed in figure 3
and produces increases in V1/2 of approximately a millivolt.
As ωR becomes comparable to µ there is an increase of a
few millivolts in V1/2, and an increase of about half an order
of magnitude in the maximum mean escape time. However,
the predicted mean first passage times at voltages greater than
30 mV where the majority of the experimental data was taken,
do not change significantly for the 2-3 free energy surface. As
we do not have any data outside this range, we have applied
the assumption made in single barrier models of DNA escape,
and set ωR = 0. This could easily be revised in light of new
experimental results.

4. Summary and outlook

We have analyzed the processes of translocation of DNA
hairpins through narrow transmembrane pores. Using a simple
two-dimensional stochastic model, we produced estimates for
the mean first passage time which suggest that for voltages
below approximately 25 mV, the DNA hairpin can escape
the transmembrane pore without completely denaturing and
without transversing the membrane channel. At high voltages,
complete denaturation of the hairpin occurs and the DNA
passes through the transmembrane channel. In this voltage
region, there is a reduction in the mean first passage time
with increasing voltage due to the inhibition of sliding in
the cis direction and the inhibition of base pair rebinding by
the transmembrane pore.
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Glossary

α-hemolysin. A transmembrane pore produced by the
Staphylococcus aureus bacterium. The pore is approximately
100 Å in length with a transmembrane region approximately
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50 Å long. The transmembrane region is only wide enough to
accommodate the passage of single stranded DNA.

Mean first passage time. The mean time required for the
DNA strand to fully vacate the membrane embedded
α-hemolysin channel. More generally, the average time
required for a stochastic process to reach a specific target
state for the first time.

Single stranded DNA (ssDNA). DNA comprising bases that
have not hybridized to form base pairs.

Double stranded DNA (dsDNA). DNA that contains only
hybridized Watson–Crick base pairs.

Defect base pair. A base pair embedded in a region of
double stranded DNA that does not satisfy the Watson–Crick
pairing rules. For example, a G-G or C-C base pair found in
the middle of a series of G-C base pairs.

Hairpin loop. A sequence of nucleotides consisting of two
complementary regions flanking a non-complementary
region. The two complementary regions form base pairs
while the non-complementary region does not and instead
forms a loop of single stranded DNA.
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