Appendix: The ¢ tensor.

There is one extra tool that we need if we're interested in building the most general
Lorentz invariant actions involving scalars, vectors and tensors. To motivate this,
consider the following question:

Given three-dimensional vectors ff, E, and 6, what rotationally invariant
quantities can we build that are linear in A, B, and/or C?

Answer: At first glance, the obvious combinations are gé, Eé, and B-C. Howewver,
we can also have the triple product A - (B x C). This is rotationally invariant, though
not invariant under parity transformations.

The triple product of vectors in three dimensions may be written as

A (BxC)=e"*A,B,Cy .
This is rotationally invariant since the e tensor satisfies

Rii’Rjj’Rkk’Ei/jlk/ = ¢k (1)
To prove this, note that the determinant of a (proper) rotation matrix is
€M Ry Ryy R = det(R) = 1.
Multiplying this equation by €% and using the relation
eabegiih — gaighigek | gajgbkgei | gakgbigei _ gsaighigek _ saighkgei _ gsakgbigei

we obtain the desired relation.

A completely analogous construction is possible with 4-vectors. If we define e
to be £1 if (urAo) is an even or odd permutation of (0123) respectively, and €,,5, =
—e2 then (by a similar argument to (1) case)
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PN N gAY A% = det(A)eN

This means that it T#**? is any combination of fields with four upper indices (e.g.
»" O g, we will have
GW,\UT“”’\” — det(A)em,AgT“”)‘U

so the expression on the left is invariant under all Lorentz-transformations with det(A) =
1. These are known as the “proper orthochronous” Lorentz transformations, and in-
clude any combination of proper rotations and boosts, but not transformations involv-
ing a parity flip or a time reversal.

The most common appearance of the € tensor is in three-dimensional field theories,
where it appears in the “Chern-Simons term” for a vector field

Sos = [ d'ze™ 4,0,A5



