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Quasiparticle spectra in the vicinity of a d-wave vortex

M. Franz and Z. Tesˇanović
Department of Physics and Astronomy, Johns Hopkins University, Baltimore, Maryland 21218

~Received 8 December 1998!

We discuss the evolution of the local quasiparticle spectral density and the related tunneling conductance
measurable by the scanning tunneling microscope, as a function of distancer and angleu from the vortex core
in a dx22y2 superconductor. We consider the effects of electronic disorder and of a strongly anisotropic
tunneling matrix element, and show that in real materials they will likely obscure the;1/r asymptotic tail in
the zero-bias tunneling conductance expected from the straightforward semiclassical analysis. We also give a
prediction for the tunneling conductance anisotropy around the vortex core and establish a connection to the
structure of the tunneling matrix element.@S0163-1829~99!11329-8#
th
un
in
t r
th
te
cu
ie
a

-
ea
th
e

d

n
ro
-

ric

ee

pe
f

n

th
e
o-

n
-

ons

act
-
g

ses
the

-
nce

here
lve

mic
on-

it is

ce
red
d
ted

lari-
the
v-

di-
G
ik

ticle
x-
ith

ed
by

-

arly

the
I. INTRODUCTION

While there remains almost no doubt at present that
hole-doped high-Tc cuprate superconductors possess an
conventionaldx22y2 order parameter, the microscopic orig
and many phenomenological consequences of this fac
main to be understood. The situation is most pressing in
presence of applied external magnetic field where the in
play between the spatially varying order parameter, super
rents, and low energy quasiparticles results in a great var
of novel effects. In the Meissner state Yip and Sauls h
predicted a nonlinear Meissner effect1,2 manifested by an an
isotropic component of the in-plane penetration depth lin
in field, a unique consequence of the nodal structure of
d-wave order parameter. However, despite considerable
perimental effort, this effect has not been clearly observe
cuprates3 and, very recently, Li, Hirschfeld, Wo¨lfle4 argued
that the effect might not be observable in cuprates, eve
principle, due to the highly nonlocal nature of the elect
magnetic response of ad-wave superconductor at low tem
peratures~see, however, Ref. 5!. In the mixed state similar
nonlocal effects have been predicted to result in a very
equilibrium vortex lattice structure phase diagram,6 but
again, no conclusive experimental confirmation has yet b
reported.

Among the more successful theoretical predictions s
cific to thed-wave order parameter is Volovik’s prediction o
a ;TAH contribution to the specific heat7 which was iden-
tified in measurements on YBa2Cu3O7 ~YBCO! single
crystals.8 Although subsequent experimental investigatio
reported deviations from the preciseAH behavior,9 they
were consistent with more general scaling relations10,11based
on the same general physical picture. In its simplest form
;TAH behavior can be derived by observing that the sup
current orbiting each individual vortex Doppler-shifts the l
cal quasiparticle spectrum,Ek˜Ek2vs(r )•k, which in turn
results in finite residual density of statesN(E50,r )}vs(r )
}1/r . IntegratingN(0,r ) up to the intervortex distanceRH

}1/AH one obtains the total density of states per vortex a
the Volovik’s result then follows on multiplying by the num
ber of vorticesnv5H/F0, with F0 the flux quantum. We
note that behavior consistent with theAH dependence of the
PRB 600163-1829/99/60~5!/3581~8!/$15.00
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residual density of states was found in numerical calculati
within the Bogoliubov–de Gennes~BdG! formalism.12

Here we wish to theoretically address the surprising f
that the expectedN(0,r )}1/r dependence of the local den
sity of states~LDOS! has notbeen observed in the scannin
tunneling spectroscopy~STS! measurements,13–15despite the
fact that this state of the art technique definitely posses
the required spatial and energy resolution. Inspection of
data reveals that instead of a 1/r asymptotic tail at large
distances the spectra for YBCO and Bi2Sr2CaCu2O8
~BSCCO! recover their zero-field profiles within short dis
tances from the cores on the order of several cohere
lengths, beyond which the spectra remain unchanged. T
are several compelling reasons why it is desirable to reso
this potential conflict between the STS and thermodyna
measurements. The most important one has to do with c
firming the picture of a well definedd-wave quasiparticle in
the superconducting state of cuprates. In particular, since
generally believed that the normal state of the cuprates isnot
a conventional Fermi liquid, it is of considerable importan
to verify, in as exhaustive detail as possible, that the orde
state belowTc , where the Fermi-liquid scenario is believe
to apply, indeed exhibits all the expected features predic
by the theory. When this fundamental issue has been c
fied one can perhaps hope to tackle greater problems in
field, such as the nature of the non-Fermi-liquid-like beha
ior aboveTc and the origin of the pairing mechanism.

In order to achieve our goal we first demonstrate, by
rect comparison to the results of fully self-consistent Bd
theory for a single vortex, that the semiclassical Volov
approach indeed captures the right physics of single-par
excitationsoutsidethe vortex core. We then proceed to e
tend this approach to the realistic case of quasiparticles w
finite lifetimes and with strongly anisotropicc-axis tunneling
matrix element. Our main result is that the abovemention
STS data away from the vortex core can be understood
considering the effect of the matrix elementM k for the elec-
tron tunneling along thec axis. According to the band struc
ture considerations for tetragonal cupratesM k exhibits the
same anisotropy as the gap function, i.e., it vanishes line
on the Fermi surface near the zone diagonals.16,17 In such a
case the tunneling conductanceg(V,r ) is not simply propor-
tional to the temperature-broadened LDOS, but reflects
3581 ©1999 The American Physical Society
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3582 PRB 60M. FRANZ AND Z. TEŠANOVIĆ
additional structure inM k . Analysis of a case whenM k
}cos 2f leads to a surprising conclusion that the the pow
law in the decay of the zero-bias tunneling conducta
g(0,r ) changes to 1/r 3, meaning that it vanishes much fast
than the expected 1/r decay for LDOS. We argue that com
bined with the effects of electronic disorder, which tends
further wash out the effect of supercurrents ong(0,r ), this
mechanism is responsible for the absence of the 1/r conduc-
tance tail observed in STS,despitethe fact that LDOS itself
exhibits the 1/r behavior.

We further show that there exists a direct relations
between the anisotropy ofM k and the real-space anisotrop
of g(V,r ) around the vortex core. Although we find that th
simple semiclassical approach employed in this workdoes
not capture the details of the angular distribution ofg(V,r )
around the vortex, we expect the latter conclusion regard
the matrix element effect to have rather general validity.
the conceptual front our findings illustrate the strengths
the limitations of the Volovik-type approach.

II. TUNNELING CONDUCTANCE:
GENERAL FORMALISM

A. Zero field

Tunneling conductance at biasV between a supercon
ductor and a normal metal is given by

g~V!52E
2`

`

dv f 8~v2eV!(
k

uM ku2A~k,v!, ~1!

wheref is the Fermi function andA(k,v)522ImG(k,v) is
the spectral function of a superconductor related to the d
onal part of the full superconducting Greens functi
Ĝ(k,v). In quasi-two-dimensional~2D! cuprates the spectra
function is taken to describe electrons within a sing
ab-plane and, correspondingly,k refers to a 2D wave vector
While Eq. ~1! could be written down on purely intuitive
grounds a more detailed discussion of how one actu
implements this dimensional reduction is given in the A
pendix.

For the clean system the formulation based on Eq.~1! is
fully equivalent to the analogous expression in terms B
wave functions but allows for a straightforward inclusion
the effects of finite quasiparticle lifetime. In the absence
field the diagonal Greens function assumes the well kno
form18 ~taking \51)

G~k,v!5
~v2 iG!1ek

~v2 iG!22ek
22Dk

2
, ~2!

where ek is the normal state electron dispersion,Dk
5Ddcos 2f is thed-wave gap, andG models the quasiparti
cle lifetime broadening that results from random disord
and inelastic processes. In ad-wave superconductor, strictl
speaking, the lifetime effects should be described by a
quency and wave-vector-dependent self-energyS(k,v)
whose precise structure, however, is not well understoo
present. Since we are mainly interested in the effect of v
tices on the spectral properties at the lowest energies,
shall in the following ignore this complication and simp
parameterize the lifetime effects by a constant scattering
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G. We expect this approximation to be entirely adequate
the present context since the important qualitative feature
the tunneling conductance discussed below emerge clear
the clean limitG50.

As alluded to in the Introduction, nontrivial dependen
of the matrix elementM k on the anglef of the k vector on
the Fermi surface has measurable consequences for the
neling conductance in an anisotropic superconductor. W
the motivation underlying this idea is primarily phenomen
logical, we discuss below a possible microscopic justificat
for the matrix element anisotropy within a class of mod
that assume coherent interlayer transport. Band struc
considerations in tetragonal cuprates16,17imply strong anisot-
ropy of the interlayer tunneling matrix elementt'(k)
}cos 2f. One direct consequence of this anisotropy is
well known qualitative difference between the temperat
dependences of the in-plane andc-axis penetration depths.16

It is reasonable to expect that the structure oft'(k) will
directly translate into similar anisotropy in the matrix el
ment M k for tunneling between the superconductor and
STS tip. The Appendix confirms this expectation by prov
ing a formal derivation ofM k from the transfer Hamiltonian
formulation of the tunneling problem in the planar tunneli
geometry. Motivated by these considerations in the follo
ing we study two models: a conventional model I withM k
5M0 and an anisotropic model II withM k5M2cos 2f, as
suggested by Ref. 16, wherek5(k,f) in polar coordinates.
In model I tunneling conductance is simply proportional
LDOS while in model II tunneling from the zone diagona
is suppressed.

It is straightforward to numerically evaluate Eq.~1! for
the two models and compareg(V) to the experimental data
The result of the best fit to the zero-field data on BSCC
~Ref. 20! is displayed in Fig. 1. It is seen that, as pointed o
previously in Ref. 19, model II captures the qualitative fe
tures of the data much better than model I. The wi
U-shaped conductance near the zero bias appears to
generic feature of thec-axis tunneling conductance in tetrag

FIG. 1. Best fit of tunneling conductance from Eq.~1! to the
zero-field experimental data on underdoped BSCCO of Renneet
al. ~Ref. 20!, for models I and II. The fitted parameters wereDd

541.0 and G51.4 meV for model I andDd539.7 and G
53.9 meV for model II. A term linear inE has been added to Eq
~1! in order to account for the background conductance and the
for model I are offset for clarity.
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PRB 60 3583QUASIPARTICLE SPECTRA IN THE VICINITY OF A . . .
onal cuprates,20–23and is inconsistent with linearly vanishin
g(V) of model I.24,25 We therefore conclude that the ava
able tunneling data are consistent with model II, as expec
from the band structure argument presented above.

B. Finite field-semiclassical treatment

The effects of applied magnetic field are taken into
count by performing a semiclassical replacement

v˜v2k•vs~r ! ~3!

in the Greens function of Eq.~2!. Here vs(r ) is the local
superfluid velocity which in the vicinity of a single vorte
has the form26

vs~r !5
û

2mr
, ~4!

and is cut off exponentially at distances in excess of
London penetration depthl. The semiclassical approxima
tion ~3! was at the heart of the original Volovik calculatio
of the specific heat7 and has been used extensively to co
pute various spectral19,27,28 and transport29–31 properties of
the mixed state. It appears to capture very well the esse
physics ofd-wave quasiparticles moving on the slowly var
ing background of the vortex lattice.

We have explicitly verified that, forr *2j, Eqs.~1!–~4!
yield very reasonable LDOS profiles over the entire ene
range of interest when compared to the results of a fu
self-consistent calculation within the BdG theory for a sing
d-wave vortex.32,33 Figure 2 illustrates the agreement b
tween the two approaches. Note in particular the excel
agreement in the low-energy part of the spectrum. We
lieve that this comparison constitutes a stringent test for
validity of the semiclassical approximation~3! for the local
quantities such as LDOS outside of the vortex core. As
pected, however, inside the core the semiclassical appr
mation breaks down, as visible in the top panel of Fig. 2.
the strongly type-II cuprates at fields well belowHc2 cores
comprise only a small fraction of the total volume. Semicla
sical approximation thus works well almost everywhe
which explains the success of the Volovik picture in mod
ing of the mixed state.

With the replacement~3! the tunneling conductance~1!
becomes position dependent through the spatial depend
of the superfluid velocity. In the following we discuss th
local tunneling conductanceg(V,r ) near a single isolated
vortex in adx22y2 superconductor.

III. TUNNELING SPECTRA IN THE VICINITY
OF THE VORTEX

A. Clean limit, zero temperature

In the clean limit G˜01 the Doppler-shifted spectra
function assumes a simple form

A~k,v!5p (
n561

S 12n
ek

Ek
D d~v2h1nEk!, ~5!

whereEk5Aek
21Dk

2 andh5k•vs(r ). We now evaluate the
corresponding tunneling conductance given by Eq.~1!. At
d
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T50 the f 8 factor becomes ad function and thev integral is
trivial. The remaining sum overk is replaced by an integra
in the usual manner. Assuming the free electron dispers
ek5k2/2m2eF we may use thed function in Eq. ~5! to
explicitly perform the integral over the energy variable a
obtain the tunneling conductance as a Fermi surface ave
of the form

g~V,r !

gN
5E

0

2p df

2p
ReF ~A2cos 2f!nueV2hu

A~eV2h!22D~f!2 G . ~6!

HeregN is the normal state conductance,n assumes values o
0 and 2 for models I and II, respectively, and we have
strictedk in h to the Fermi surface. We may thus write

h5kF•vs~r !5
p

2
Dd

j

r
sin~u2f!, ~7!

with r5(r ,u) andj5vF /pDd the coherence length.
For arbitrary biasV the conductance~6! must be evalu-

ated numerically. However, forueVu!Dd the integral is
dominated by the regions close to the four nodes ofD(f)
and can be evaluated, to an excellent approximation, by
panding to leading order inf near the nodes. For the zero
bias conductance we thus obtain

g~0,r !

gN
.(

l 51

4 E
0

zl /2 df

p
~2A2f!n

zl

Azl
22~2f!2

, ~8!

where

FIG. 2. Comparison of the LDOS obtained using semiclass
approximation Eqs.~1!–~4! with G50 ~thick lines! and the numeri-
cal solution of the BdG equations of Ref. 32~thin lines! at indicated
distances from the core. In both cases averages over the real-s
angleu are plotted.
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zl5
p

2

j

r
usin~u2f l !u, ~9!

and f l5p(2l 21)/4 are the nodal points. The integral im
plied by Eq.~8! is elementary and yields

g~0,r !

gN
.cnS j

r D
n11

@ usinũun111ucosũun11#, ~10!

whereũ5u2p/4 is the polar angle measured from a nod
c05p/4.0.78 andc25p3/16.1.94.

According to Eq.~10! the symmetry of the tunneling ma
trix elementM k has profound consequence for the spa
dependence ofg(0,r ) near the vortex core. Most importantl
we notice that the decay with the distancer from the core is
much more rapid in model II, whereg(0,r );(j/r )3, com-
pared to thej/r behavior in model I. For instance, atr
53j the zero-bias conductance will be suppressed by a
tor of 3 in model I but by a factor of 27 in model II. W
argue that this difference is a very likely reason for the o
served absence of 1/r tails in STS measurements.

Equation~10! implies an interesting prediction for the th
angular dependence ofg(0,r ) for fixed r, corresponding to
taking a scan along a circle of the radiusr centered at the
core. This angular dependence is a result of the underly
k-space anisotropy of the gap function and is illustrated
Fig. 3 for models I and II. While the ratio between maximu
and minimum isA2 for both the models, we observe th
there is a qualitative difference between the two models
the positions of maxima and minima.

We note that numerical calculations within th
Eilenberger34,35 and BdG ~Refs. 36,37! formalisms show
maximaof zero-bias LDOS along thep/4 directions, in con-
tradiction to the above conclusions. This indicates in
equacy of the present semiclassical approach in modeling
fine details of the spatial distribution of LDOS near a vorte
Nevertheless, our result clearly establishes that the ma
element anisotropy will have measurable effect on the t
neling conductance even when included in more elabo
microscopic models. We also emphasize that present
proach correctly captures the angle-averaged LDOS, as d
onstrated in Fig. 3.

FIG. 3. Zero-bias tunneling conductance as a function of r
space polar angleu around the vortex normalized to unity along th
nodal directionu5p/4.
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B. Effect of temperature and finite lifetime

It is evident that finite lifetime and temperature will affe
the prediction~10! for the tunneling conductance, since the
both lead to finite zero-bias conductance even in the abse
of field. One expects that these effects become significan
distances from the core where the characteristic Dopp
shift energyED5Dd(j/r ) becomes comparable toG or T. At
4.2 K, which is typically the temperature of STS experime
temperature broadening becomes important atr /j
*Dd/4.2 K which is a number of order 100 in cuprate
Thus, for low-temperature tunneling the effects of therm
broadening are unimportant, except at large distances f
the cores. Scattering rateG, on the other hand, can be
significant fraction of the maximum gap in cuprates, as e
denced by a relatively large zero-bias conductance obse
experimentally,14,22 and will therefore cause significan
broadening at distances of severalj from the core. We now
discuss the effect of finite lifetimeG in some detail.

For G.0 the spectral function becomes

A~k,v!5 (
n561

S 12n
ek

Ek
D G

~v2h1nEk!21G2
. ~11!

Evaluation of thek sum in Eq.~1! is now somewhat more
involved since we no longer have ad function at our disposa
to perform the energy integral. AtT50 the zero-bias tunnel
ing conductance is

g~0,r !5CE
0

2p

df~cos 2f!n

3E
0

`

deF G

~h1E!21G2 1
G

~h2E!21G2G ,
~12!

whereE5Ae21D(f)2 andC contains all the constant pre
factors. We evaluate Eq.~12! by linearizing all the functions
in the integrand containingf around the four nodes of th
gap function, e.g.,D(f2f l)'2Ddf, and extending the an
gular integration to infinity. Under the assumption th
G,uhu!Dd the resulting integral can be evaluated by maki
use of new variables, u5Ae21(2Ddf)2 and a
5arctan@e/2Ddf#. Thea integration is trivial and we obtain

g~0,r !

gN
5

1

4p (
l 51

4 E
0

L

duS u

Dd
D n11

3F G

~u1Ddzl !
21G21

G

~u2Ddzl !
21G2G , ~13!

wherezl is defined in Eq.~9! andL is a cutoff of the order
of Dd imposed in order to assure convergence at largeu.38

Finally, carrying out the integral and keeping in mind th
G,uhu!Dd , we obtain the leading terms in model I,

g~0,r !

gN
.

1

4p (
l 51

4 F2zl arctanS zl

g D2g ln~g21zl
2!G , ~14!

and for model II,

l
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g~0,r !

gN
.

1

4p (
l 51

4 F2zl~zl
223g2!arctanS zl

g D1gG . ~15!

Here we have setL5Dd and defined a dimensionless sca
tering rateg5G/Dd .

Equations~14! and~15! exhibit the correct behavior in th
limit G˜01 when compared to the result for the clean s
tem ~10!. For finite G they describe the crossover from th
1/r n11 behavior close to the core (r !r G) to the lifetime
dominated constant zero-bias conductance far from the
(r @r G). Inspection of Eqs.~14! and ~15! reveals that the
dependence of the crossover scaler G on G is more subtle
than one would expect from the simple argument involv
the Doppler-shift energyED presented above. In particula
we find that

r G;2j/~g ln g! ~16!

for model I while

r G;j/g1/3 ~17!

for model II. In both cases lifetime effects become importa
at shorter distances from the core than one would exp
from the naive estimater G;j/g. This is illustrated in Fig. 4
where we plot the crossover functions for the tunneling c
ductance given by Eqs.~14! and ~15! as a function of dis-
tancer from the core for a number of lifetimesG. We note
that in model II lifetime effects are much more efficient
destroying the clean power law behavior than in mode
consistent with Eqs.~16! and ~17!.

The lifetime effects will also affect the anisotropy of th
tunneling conductance around the core, since one would

FIG. 4. Effect of finite quasiparticle lifetimeG on the amplitude
of the zero-bias tunneling conductance as a function of distanr
from the vortex core~for f50). Note the log-log scale. The
straight lines with slopes21 and23 mark the expected asymptot
behaviors forG50 in models I and II, respectively.
-

re

t
t

-

I,

x-

pectg(0,r ) to become isotropic at distances larger thanr G .
Figure 5 displays the evolution of the anisotropy as a fu
tion of angleu for increasing distancer at constantG ~upper
panel!. Lower panel compares the angular maximum to
minimum as a function ofr. As expected, lifetime effects
wash out the anisotropy at distances from the core in exc
of the crossover scaler G .

IV. SUMMARY AND CONCLUSIONS

Our main objective was to reconcile the apparent abse
of the 1/r tails in the local tunneling conductance in th
vicinity of a d-wave vortex, expected on the basis of a simp
Volovik model, with the general consensus that such a se
classical picture captures the essential physics of the m
state in cuprates. We argued that the STS measurement
likely dominated by the nontrivial structure of the tunnelin
matrix element, which may be derived from the band str
ture considerations within models assuming coherent in
layer tunneling.16,17 We showed that, for the matrix elemen
of the form M k5M2cos(2f) ~model II!, in the absence of
lifetime effects, the zero-bias tunneling conductance pow
law is modified to 1/r 3, making it vanish much faster tha
the 1/r tail obtained for constantM k ~model I!.

We predicted a substantial angular anisotropy of the ze
bias tunneling conductance, with maximum to minimum
tio of A2, and with exactly opposite arrangement of extre
in the two models. Our conclusion regarding the prec
form of this anisotropy, however, is somewhat less certain
view of the fact that it disagrees with the numerical resu

FIG. 5. Effect of finite quasiparticle lifetimeG on the angular
anisotropy of the zero-bias tunneling conductance. Upper pa
angular dependence~normalized to unity atu5p/4) for G/Dd

50.01 and distancesr /j51, 10, 20 in the order of diminishing
anisotropy. Lower panel: maximum and minimum conductivities
a function of distancer from the vortex core forG/Dd50.01.
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obtained within various microscopic models.34–37 Nonethe-
less, our result clearly indicates that the structure of the t
neling matrix element will have significant impact on th
real-space anisotropy ofg(V,r ). The reliable information
about the details of this effect can be obtained in a relativ
straightforward manner by incorporating the nontrivial m
trix element into a fully self-consistent BdG calculatio
along the lines of Ref. 32; the work on this is in progre
Within this method it will also be interesting to study th
effect of the matrix element on the tunneling spectra in
vortex core, a problem inaccessible to the semiclassical
proximation.

Lifetime effects will cut off both the power law decay an
the anisotropy at distances beyond the crossover length s
r G given by Eqs.~16! and~17!, wherer G is always shorter in
model II for a given value ofG. This means that if model II
is the physically relevant one, as it appears to be the cas
BSCCO, then the lifetime effects may likely render the e
perimental detection of the asymptotic 1/r 3 behavior very
difficult. For instance, if we assumeG/Dd50.1, which is
physically reasonable for BSCCO at lowT ~Ref. 19!, then
Eq. ~17! implies r G.2.1j, meaning that there will be virtu
ally no asymptotic region where the 1/r 3 behavior could be
observed. Instead, one would see an onset of the con
zero-bias tunneling conductance just outside of the vo
core. This theoretical conclusion is in fact consistent with
STS data of Renneret al.14 Even in the presence of substa
tial lifetime effects it should still be in principle possible t
observe the predicted angular anisotropy ofg(0,r ) close to
the core. The existing experimental data on BSCCO in f
show a definite hint of a fourfold anisotropy, which is, how
ever, discernible only at high bias.15 The above analysis sug
gests that the asymptotic tails might become observabl
the cleanest samples characterized by low value of the z
bias conductance in the absence of field. Clearly, the ef
would be difficult to discern in the existing data on YBC
~Ref. 13! which display large zero-bias conductance of u
known origin.

It would thus appear that proper inclusion of the anis
ropy in the tunneling matrix element naturally resolves
conflict between the STS and the heat capacity meas
ments, since the latter is obviously insensitive to the str
ture of the matrix element. While certain details still aw
experimental verification, this seems to be a satisfactory
tative conclusion, especially since additional experimen
evidence emerged recently that appears to further solidify
support for the Volovik-type description of the mixed state
cuprates. In particular measurements of the complex con
tivity ~using coherent terahertz spectroscopy! in the mixed
state of BSCCO films reported by Malozziet al.39 were
claimed to be consistent with the picture of the Doppl
shifted local quasiparticle spectra.40 Although somewhat less
directly the experiments on thermal transport in the mix
state of cuprates41,42also seem to support the basic picture
a Doppler-shifted local quasiparticle in that they are con
tent with theoretical models based on this picture.27,31 We
may thus conclude that by invoking the properties of
tunneling matrix element and lifetime effects the existi
tunneling data indeed can be brought to agreement with o
experiments and that the overall picture of the mixed stat
cuprates appears consistent with that of a well defined q
n-

ly
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APPENDIX: c-AXIS TUNNELING CONDUCTANCE
IN CUPRATES

Here we illustrate how anisotropy in the tunneling mat
elementM k can emerge from the band structure predicted
standard models for the interlayer tunneling in tetrago
cuprates.16,17 To avoid unnecessary complications with th
localized real-space wave functions in the STS tip, we o
line the derivation ofM k for the case of planar interface
where we can take advantage of the fact that perpendic
momentum is conserved. Since within the model under c
sideration the anisotropy ofM k is essentially a consequenc
of the band structure of the cuprate superconductor, we f
expect the result to hold for the STS geometry. A detai
calculation indeed confirms this expectation.37

According to the standard many-body formulation18 the
tunneling current at a biasV between a superconductor and
normal metal is given by

I ~V!52e(
k,p

uTkpu2E
2`

` de

2p
AS~k,e!AN~p,e2eV!

3@ f ~e!2 f ~e2eV!#. ~A1!

HereAS andAN are spectral functions of the superconduc
and the normal metal, respectively,Tkp is the tunneling ma-
trix element ande is electron charge. In the following we
make the usual assumption that the normal metal in the S
tip can be described by the spectral function

AN~p,e!52pd~e2jp!, ~A2!

with a simple free electron dispersionjp5(p'
2 1pz

2)/2m
2eF where we have resolvedp into components paralle
(pz) and perpendicular (p') to the z axis along which the
tunneling current flows. Thed function inAN can be used to
perform thee-integral in Eq.~A1! to obtain

I ~V!52e(
k,p

uTkpu2AS~k,jp1eV!@ f ~jp1eV!2 f ~jp!#.

~A3!

The expression for the tunneling matrix element can
derived from the transfer Hamiltonian formalism43

uTkpu25U]ek

]kz
UU]jp

]pz
UD~ez!d~k'2p'!. ~A4!

Hereek denotes the normal-state dispersion in the superc
ductor,D(ez) is the barrier transmission coefficient (ez is the
energy of the electron inside the barrier!, and thed function
reflects conservation of the perpendicular momentum un
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the conditions of specular transmission. The latter can
used to carry out the summation over the transverse mom
tum p' in Eq. ~A3!. The remaining sum overpz can be
converted into an integral in the usual manner. The integ
is then transformed by making a substitutionv5(pz

2

1k'
2 )/2m2eF1eV and noting that the termu]jp /]pzu in

uTkpu2 is precisely the Jacobian of this transformation;
obtain

I 52e(
k

U]ek

]kz
UD~ez!E

2`

` dv

2p
AS~k,v!@ f ~v!2 f ~v2eV!#.

~A5!

Differentiating with respect toV we finally arrive at the ex-
pression for the tunneling conductance

g~V!52E
2`

` dv

2p
f 8~v2eV!(

k
uM̃ ku2AS~k,v!,

~A6!

with uM̃ ku25e2u]ek /]kzuD(ez).
Although this last expression bears similarity to Eq.~1!,

the last term still contains summation over the 3D wave v
tor k and it therefore reflects the full 3D band structure of t
superconductor. In the following we shall specialize
quasi-2D cuprates and simplify Eq.~A6! further by eliminat-
ing thekz summation, thereby expressing the tunneling c
ductance in terms ofab-plane properties only. To this en
we consider the single particle dispersionek of the form
deduced for tetragonal cuprates by Xiang and Wheatley:16

ek5ek
'2tz~k'!coskz , ~A7!

whereek
' is the ab-plane dispersion depending only onk'

and

tz~k'!5
tz

4
~coskx2cosky!2 ~A8!

is the interplane tunneling matrix element. In the followin
we modelek

' by a free electron dispersionk'
2 /2m2eF and

noting that only values oftz(k') close to the the Fermi sur
face are important we approximatetz(k')' t̃ z cos2 2f.
While neither of these two approximations is essential for
final result, adopting them will greatly simplify the calcula
tions. We may now convert thek sum in Eq.~A6! into an
integral of the form~suppressing various constant prefa
tors!,
.

d

e
n-

al

-

-

e

-

E
2`

`

dkzE
0

2p

dfE
0

`

k'dk'uM̃ ku2AS~ek ,D;v!, ~A9!

where we have explicitly acknowledged the fact th
AS(k,v) will only depend on the momentum variab
throughek andD(f). We now convert thek' integral into
an integral over the energy, noting that, according to
assumptions, only theek

' component ofek depends onk'

and thus the Jacobian of this transformation is simply a c
stant. We thus arrive at the final result for the tunneli
conductance

g~V!52E
2`

` dv

2p
f 8~v2eV!

3E
0

2p

dfE
2`

`

deuM ~f!u2AS~e,D;v!, ~A10!

where

uM ~f!u25
2e2m

~2p!2E
2`

` dkz

2pU]ek

]kz
UD~ez!5M2

2 cos2 2f,

~A11!

andM2 is a constant. By converting thee andf integrals in
Eq. ~A10! back to a 2Dk-vector sum we recover the expre
sion for the tunneling conductance written down on pur
intuitive grounds in Eq.~1!.

Superficially the result~A10! appears to contradict th
conventional wisdom that the band structure effects are ‘
visible’’ to tunneling because of the exact cancellation b
tween theu]ek /]kzu factors in theTkp matrix and the like
factors resulting from the variable changekz˜e in the
integral.43,44 In particular one could argue that had we do
the kz integral in Eq.~A9! first, such a cancellation would
have indeed occurred, leading to the result w
f-independent matrix element. However, in the present c
we note that the appropriatekz˜e variable change would be
illegitimate because of the divergence in the correspond
Jacobian fork' coinciding with one of the four nodes o
tz(k'). Therefore, as pointed out previously in connecti
with tunneling in cuprates,21 the tunneling conductance i
fact is sensitive to nontrivial features in the band structu
such as the matrix element that vanishes along certaink'

directions.
y,

E.
1S.K. Yip and J.A. Sauls, Phys. Rev. Lett.69, 2264~1992!.
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27C. Kübert and P.J. Hirschfeld, Solid State Commun.105, 459
~1998!.

28I. Vekhter, P.J. Hirschfeld, J.P. Carbotte, and E.J. Nicol, Ph
Rev. B59, 9023~1999!.
,

,

,

r

.

s.
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